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ABSTRACT 
 
 Mathematical modeling and algebraic reasoning are two important components of 
mathematics education. In this study, I taught a mathematical modeling lesson to high school 
Algebra I students. My goal was to understand how mathematical modeling and algebraic 
reasoning are related. To analyze students' modeling and reasoning, I adapted a coding scheme 
for identifying observable actions in mathematical modeling and created a coding scheme for 
identifying observable actions in algebraic reasoning. Using these coding templates, I analyzed 
three groups. I found that two groups followed iterative, non-linear modeling routes and used 
more algebraic reasoning, while one group followed a highly linear modeling route and did not 
use as much algebraic reasoning. In addition, I found that the later steps in the modeling cycle 
led to more algebraic reasoning than the early steps. The findings suggest that mathematical 
modeling does encourage algebraic reasoning, but not in all circumstances. In addition, the 
findings provide insight into tensions in teaching mathematical modeling and suggestions for the 
design of modeling lessons. To further understand how students learn algebra through 
mathematical modeling, I recommend further study in developing the coding template for 
identifying algebraic reasoning, studying the modeling behavior of more groups of students to 
understand other possible student modeling routes, and studying how students' modeling and 
reasoning changes over time. 
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CHAPTER 1: INTRODUCTION 
 Mathematical modeling is the process of translating between reality and mathematics 
(Blum, 2011). In this study, I examined how mathematical modeling could promote learning 
algebra in the Algebra I classroom. Researchers have considered algebra to be an activity (e.g. 
Kieran, 2007). Because algebraic reasoning has been defined as the activity of algebra, (e.g. 
Kaput, 2007), I used algebraic reasoning as the lens to examine learning of algebra. To 
investigate this relationship, I designed and taught a mathematical modeling lesson to an Algebra 
I class. I analyzed students’ conversations in groups as they worked on the lesson. My goal was 
to better understand how Algebra I students do mathematical modeling, how Algebra I students 
use algebraic reasoning, and how mathematical modeling and algebraic reasoning could be 
related. By examining this relationship, I hope to better understand how students could learn 
Algebra I through mathematical modeling.  
 Algebra I is a crucial course for high school mathematics students. It has been regarded 
as a gateway to higher educational opportunities (Brenner et al., 1997; Chazan, 2000; Kaput, 
1999; Kilpatrick & Iszák, 2008; Moses & Cobb, 2001; Oakes, 1990), and as a foundational 
course for the rest of high school mathematics (Usiskin, 1995). Making algebra accessible to 
everyone is important to provide all students with access to equal opportunities, especially 
students from underrepresented groups (Gamoran & Hannigan, 2000; Stein et al, 2011). 
However, students have demonstrated difficulty in algebra (Star & Rittle-Johnson, 2009), and 
underrepresented groups have shown disproportionate low achievement in mathematics 
(Gutstein, 2003; Schoenfeld, 2002). High school Algebra I is a particularly important course to 
address this issue because many students in the course are already considered to be behind, and 
have already failed a mathematics course in the past (Chazan, 1996). Because of this, students’ 
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ability to understand and use Algebra I in high school is important to their mathematical 
proficiency and educational advancement.  
 In addition to understanding new mathematical content, a goal of mathematics education 
is for students to use mathematical reasoning. Mathematical reasoning includes "students' ways 
of doing, thinking, and talking about mathematics" (Kaput, 2007, p. 9). Algebraic reasoning 
involves the mathematical reasoning specific to algebra. Algebraic reasoning is considered to be 
important for students’ mathematical success because it "forms a vital support for understanding 
and continued learning" (National Council of Teachers of Mathematics (NCTM), 2009, p. 6). As 
a crucial component of a fundamental course in high school mathematics, algebraic reasoning is 
an important emphasis in the Algebra I classroom.  
 One possible strategy to help students better learn to reason in Algebra I is teaching 
through mathematical modeling. A mathematical modeling task requires students to understand a 
problem situation, represent it mathematically, carry out mathematical work, and find and 
validate a solution to the problem (Blum, 2011). I believe modeling has the potential to address 
issues in students' learning of algebra because it stresses components that researchers suggest are 
effective for understanding algebra. These include students playing an active role in learning, 
connecting ideas to the real world, and interpreting the meaning of their solutions (Chazan, 
1996). In addition, I found connections between the process of modeling and algebraic reasoning 
that suggest the two ideas are intertwined. In this study, I examined whether the process of doing 
mathematical modeling elicits students' use of the National Council of Teachers of Mathematics' 
(2010) key elements of algebraic reasoning. 
 I will use the results of the study to describe insights into mathematical modeling in 
Algebra I. Because I am interested in how modeling can be used to learn Algebra I in the 
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classroom context, it was important to consider a perspective about instructional practices. 
Cohen, Raudenbush, and Ball (2003) described instruction as "interaction between teachers and 
students over content" (2003, p. 132), in what is known as the instructional triangle. While 
students' learning of algebra is important, there are also other factors to consider such as the role 
of the teacher and modeling lesson. In this study, I focused on students, and I will primarily 
discuss implications about student learning based on the results. I will also connect the findings 
about student learning to the other components of the instructional triangle, describing what 
students' work in this lesson says about tensions (e.g. Herbst, 2003) in teaching mathematical 
modeling and mathematical modeling tasks. Overall, I aim to describe insights into students' 
mathematical modeling in algebra that can contribute to the research base on how students can 
learn algebra through mathematical modeling. I used the following research questions to frame 
the study. 
Research Questions 
 In this study, I will answer the following questions about modeling and algebraic 
reasoning: 
1. How do students engage in mathematical modeling in an Algebra I class? 
2. How do students use algebraic reasoning in a modeling lesson in Algebra I? 
3. What is the relationship between students' mathematical modeling and students' algebraic 
reasoning in a modeling lesson in Algebra I? 
 Each research question is intended to address an aspect of using mathematical modeling 
to learn Algebra I. The first research question is important because, while studies have examined 
the theoretical process of mathematical modeling, it is less known how students actually do 
mathematical modeling in practice (Barbosa, 2006). By studying students' mathematical 
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modeling in a high school classroom, I will contribute to the research base of how students' 
modeling varies from the theoretical modeling cycle. The second question is intended to examine 
how students learn algebra while doing mathematical modeling, using algebraic reasoning as 
evidence of learning algebra. Previous researchers have used the idea of a modeling route 
(Borromeo Ferri, 2006) to understand how students model, but how students learn mathematical 
content while modeling has not been studied. By learning about how students model in Algebra 
I, I hope to contribute to the research base on how modeling could be used to support students' 
learning in a specific course. The third question focuses on the relationship between the 
mathematical modeling process and student learning of algebra through algebraic reasoning. 
Through this question, I will examine which aspects of mathematical modeling did and did not 
encourage algebraic reasoning during the lesson.  
 All three research questions are designed to develop a better understanding of how 
mathematical modeling could be used to teach Algebra I. By answering all three research 
questions, I will provide insight into how students engage in mathematical modeling in Algebra 
I, whether or not students would be likely to show evidence of learning algebra while doing so, 
and which parts of the modeling cycle could maximize the potential learning of algebra while 
mathematical modeling. In the next chapter, I will examine literature in the areas of algebra, 
algebraic reasoning, and mathematical modeling to provide a background for the research in this 
study. 
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CHAPTER 2: LITERATURE REVIEW 
 In this chapter, I will examine the literature on algebra, algebraic reasoning, and 
modeling. In the first section, I will describe the development of algebra throughout its history to 
its place in schools today, examining how algebra has been defined by its use in society. Then, I 
will examine what school algebra is and what is emphasized in the school algebra curriculum 
today. One of these emphases is algebraic reasoning. In the second section, I will examine 
frameworks that have defined algebraic reasoning. My goal is to describe a clear picture of what 
algebraic reasoning is, why it is important, and why it is necessary for research to focus on 
algebraic reasoning. In the third section, I will define mathematical modeling and examine its 
benefits and challenges, in order to better understand how modeling can be used in the 
mathematics classroom. I will conclude by describing connections between algebra, algebraic 
reasoning, and modeling, in order to establish how mathematical modeling could be useful for 
teaching Algebra I.  
Algebra 
What Is Algebra Throughout History?  
 In order to understand what algebra is, it is important to understand how it has evolved 
throughout history. In this section, I will trace the development of algebra from its origins 
through school algebra today. First, I will describe the development of algebra through the 19th 
century according to two different progressions. The first progression, described by Puig (2004), 
describes the history of algebra through three stages of development in expressing algebraic 
ideas. These stages are the rhetorical stage, the syncopated stage, and the symbolization stage. 
The second progression, described by Katz (2007), takes an alternative view by studying the 
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history of algebra through its conceptual development. In this framework, there are four stages of 
conceptual development of algebra: geometric, static equation solving, dynamic function, and 
abstract (Katz, 2007). I will then describe how these stages of algebra led to the study of school 
algebra in the United States today. From the perspective that algebra is an activity (Kieran, 
2007), I will connect the different purposes for algebra throughout history to the nature of the 
activity of algebra over time. It is my aim to provide insight into the development of algebra, in 
order to better understand how algebraic reasoning is essential to algebra today. 
 The development of algebra through the 19th century. Algebra's beginnings were 
rooted in geometry and equation solving. According to Katz (2007), the first conceptual stage of 
algebra was the geometric stage (Katz, 2007), when algebra was needed in society to explain 
geometric phenomena. These phenomena include property divisions in Babylonia and Greek 
work such as Euclid's elements. The geometric stage of algebra consisted of algebraic concepts 
that were connected to these geometric ideas. Eventually, through the Islamic mathematics of Al-
Khwarizmi in the ninth century and algebra's emergence in Europe in the twelfth and thirteenth 
centuries, mathematicians' goals evolved to focus on expressing algebraic algorithms using 
numbers, separately from their geometric representation. Katz (2007) identified this as the 
second conceptual stage of algebra, which emphasized static equation solving. Although 
geometry was still used to justify new ideas and procedures, the goal of algebra for these 
mathematicians was to solve equations of various types, developing from quadratic to cubic and 
quartic. The ideas developed during these stages, through sixteenth century Italian algebra, were 
expressed with words rather than symbols. Thus, this period of Algebra aligns with Puig's (2004) 
rhetorical stage of developing expressions of algebraic ideas, where Algebra was expressed 
through written word.  
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 As the static equation solving phase progressed, the equations mathematicians were 
trying to solve became increasingly difficult. In what Puig identified as the syncopated stage, the 
increasing difficulty of these equations led to the need to express algebraic ideas in ways other 
than the written word. In this stage, mathematicians began developing more efficient methods of 
expressing algebraic ideas that represented a middle ground between the written word and the 
symbolic method of representing algebraic ideas used today. The syncopated stage lasted for a 
relatively short period of time before mathematicians began using symbols to express algebraic 
ideas. Puig (2004) called this the symbolization stage (Katz, 2007).  
 At a similar time in history as the transition to symbolization, the work of mathematicians 
like Kepler, Fermat, and Descartes focused on examining motion, rather than static values. Katz 
(2007) identified this as the dynamic function stage, where mathematicians primarily used 
algebra to represent curves. Finally, in the 18th and 19th centuries, mathematicians focused on 
verifying the algebraic ideas that had been previously developed. Katz (2007) identified this 
stage as the abstract conceptual stage of algebra. The abstract stage was highlighted by the 
introduction of systems of axioms for verifying algebraic ideas, and the searching for structure 
across mathematical ideas defined by these sets of axioms (Katz, 2007).  
 These stages of algebra throughout history demonstrate how the activity of algebra 
changed with the use of algebra. When people needed mathematics to represent geometric ideas, 
algebraic activity focused on geometry. When mathematicians were using algebra to solve 
equations of different types, algebraic activity focused on new ways of expression. When 
mathematicians wanted to verify the ideas that had been developed, algebraic activity focused on 
proof. In the next section, I will describe the development of algebra in the United States, as well 
as the activity that algebra focuses on today as a result. 
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 The development of algebra in the United States. In the 19th and 20th centuries, 
school algebra began to become an emphasis in the United States. During this era, algebra 
focused on "generalized arithmetic" (Kilpatrick & Iszák, 2008, p. 4) in both textbooks and policy 
(da Ponte & Guimarães, 2014). Because the role of algebra was focused on manipulation and 
generalizing, students focused most of their work on doing algebraic procedures and learning 
new algebraic concepts inductively through basic arithmetic. Students repetitively practiced the 
procedures they had learned, but the practice problems were without context (Kilpatrick & Iszák, 
2008). In the early 20th century, a new approach began to emerge in Europe conceiving algebra 
as the study of functions, representations of functions, and their properties (Kilpatrick & Iszák, 
2008). For example, Felix Klein advocated for the function to have a central role in the German 
algebra curriculum (da Ponte & Guimarães, 2014). However, the functional thinking definition 
of algebra failed to take hold in the United States at this time (Kilpatrick & Iszák, 2008). 
Textbooks continued to emphasize procedural problems, and the Committee of Ten emphasized 
the equation as more important in algebra than the function (National Educational Association of 
the United States, 1894). During this era, school algebra in the United States was seen as 
necessary for manipulating expressions and generalizing arithmetic, and the activity of algebra 
focused on practicing these skills. 
 In the 1950s through 1970s, mathematicians, educators, and policy emphasized preparing 
students for the study of formal mathematics in college (Kilpatrick & Iszák, 2008). This 
emphasis was a response to World War II, the Russian launch of Sputnik, and the increasingly 
technical mathematics skills needed to advance technology in the United States (Herrera & 
Owens, 2001). As a result, in the "New Math" era, school algebra focused on the idea of 
structure (Katz, 2007). In the New Math era, deduction and proof were the main activities of 
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algebra (Kilpatrick & Iszák, 2008). Students were expected to prove theorems formally that 
previously were only stated and defined. Evidence of this shift can be found through a 
publication by the College Entrance Examination Board (1959), which emphasized deductive 
reasoning in algebra, mathematical structures, the ability to connect big ideas, and the learning of 
inequalities in addition to equations (Herrera & Owens, 2001; Kilpatrick & Iszák, 2008). As the 
focus of mathematics and algebra shifted to preparing for advanced study, the activity of algebra 
changed to emphasize these aspects of mathematics. 
 Usiskin's (1988) four conceptions of algebra. In the 1980s, school algebra began to 
resemble its current form, in part as a response to the difficulties students had learning algebra 
during the new math era. In the 1980s, researchers began to investigate how to address students' 
difficulties with algebra, including high failure rates in Algebra I (Kilpatrick & Iszák, 2008). 
During this time period, Usiskin (1988) proposed the idea of algebra as four different 
conceptions of variables (Usiskin, 1988). Each conception linked algebra to a different use in 
society. Usiskin's first two conceptions, algebra as generalized arithmetic and algebra as a 
means to solve certain problems, were consistent with the early 20th century definition of 
algebra in the United States. In addition, Usiskin (1988) proposed two additional conceptions of 
algebra. One of these conceptions, algebra as the study of structure, incorporates the definition 
of algebra from the New Math era. In this conception, variables are "arbitrary marks on paper" 
(1988, p. 12) for the purpose of manipulating expressions without inputting or representing real 
values. The fourth conception, algebra as the study of relationships, is the foundation of how 
school algebra is defined today. This conception is similar to the functional thinking approach, 
which had previously emerged in Europe. In algebra as the study of relationships, variables are 
arguments or parameters in a function. Today's definition of school algebra is a combination of 
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this focus on functions and structure, in addition to the previous focus on generalized arithmetic 
and problem solving.  
 What is Algebra Today? 
 As seen throughout history, the focus of algebraic activity has shifted as algebra's use in 
society has changed. Today, in addition to its role in mathematics and society, algebra is an 
essential component of students' mathematics education and an important opportunity to achieve 
educational equity. These roles are reflected in many important policy documents. For example, 
the NCTM Principles and Standards for School Mathematics (2000), a report on mathematics by 
the National Mathematics Advisory Panel (2008), and a report on algebra by the Mathematical 
Association of America (2007) all emphasize the fundamental role of algebra in the mathematics 
curriculum (NCTM, 2010). The NCTM Equity Principle (NCTM, 2000), and the book Adding It 
Up: Helping Children Learn Mathematics (Kilpatrick, Swafford, & Findell, 2001), emphasize 
equity as an important issue in mathematics. Algebra is important both to students' mathematical 
development in the classroom and their future outside the classroom.  
 In the mathematics classroom, one reason algebra is important is because it is seen as one 
of the foundations of the mathematics curriculum in the United States (Lacampagne, Blair, & 
Kaput, 1995). There are specific elements of algebra that are essential to students' future 
mathematical success. For example, algebra is the first area of mathematics that requires students 
to transition from working with arithmetic to working with abstract symbols. The transition to 
abstract symbols permeates the rest of students' high school mathematics careers (Lacampagne, 
Blair, & Kaput, 1995). This transition is important because it can expose misconceptions in 
students' arithmetic understanding (e.g. Fujii, 2003; Knuth et al., 2006). In addition, this 
transition addresses students' difficulties translating arithmetic thinking into formal algebraic 
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logic (e.g. Martinez & Pedemonte, 2014), a skill that is required throughout the rest of 
mathematics.  Additionally, Algebra is important for students because of its important links to 
the real world (Chazan, 2000; NCTM, 2010) and its usefulness in modeling in other subject areas 
(NCTM, 2010). These factors, and more, demonstrate that algebra is an important subject for 
students to develop the ability to think mathematically and apply their mathematical knowledge.  
 Algebra and equity. Beyond algebra's importance to the high school mathematics 
curriculum, it is an important opportunity to make progress towards an equitable education for 
all students. Many have described success in algebra as necessary for higher education 
opportunities (Chazan, 2000; Kilpatrick & Iszák, 2008; Moses & Cobb, 2001; Oakes, 1990). 
However, many students who enroll in algebra are underprepared (Chazan, 1996), and failure 
rates are high (Gamoran & Hannigan, 2000). In addition, students from underrepresented groups 
are more likely to be underprepared for school mathematics (Kilpatrick et al., 2001), more likely 
to be prevented access to algebra (Stein et al., 2011), and more likely to drop out of mathematics 
(Schoenfeld, 2002). Moses (1994) described math literacy as an essential component of 
achieving equality for minority people.  
 Researchers and policy makers have attempted to address the issue of equity in 
mathematics. One policy attempt to address the issue of equity in mathematics education is the 
NCTM equity principle (NCTM, 2000), which stated that finding ways for all students to be 
successful in mathematics is an essential component of mathematics education. The equity 
principle emphasized, "high expectations and worthwhile opportunities for all," (p. 12), 
"accommodating differences to help everyone learn mathematics," (p. 13), and "resources and 
support for all classrooms and all students," (p. 14). The equity principle promotes an algebra 
curriculum that has high expectations for all students, connections to their experiences and 
 12 
interests, and entry points for students at their level. In addition to the equity principle, reform 
efforts such as the Algebra Project (Moses, 1994), and teaching mathematics for social justice 
(Gutstein, 2003) have also attempted to promote success in algebra for all students. 
 A functions-based approach to algebra. The current view of school algebra as a 
foundational component of the mathematics curriculum and barrier to higher educational 
opportunities has influenced what school algebra is today. Because of the need for students to 
connect ideas across mathematics and the real world, Usiskin's fourth conception, the study of 
relationships, has increased in emphasis. In particular, school algebra focuses on understanding 
functions (Kilpatrick & Iszák, 2008; Smith, 2003). Chazan (2000) described this as the 
"'relationships-between-quantities' approach" (p. 76) to algebra. In this approach, the foundation 
of algebra is the relationship between input and output variables. Students use multiple 
representations of functions, both formal and informal, to describe and analyze the real world. 
Using multiple representations of functions entails representing a relationship of input and output 
values with more than one of an equation, table, graph, diagram, or other representation. 
Variables are treated as quantities that can represent a wide range of values, de-emphasizing the 
idea of a variable representing a specific unknown quantity. In addition, expressions represent 
procedures to be carried out on numbers and variables, rather than labels for a number that is not 
known. The purpose of manipulating expressions is to transform from one procedure to another, 
equivalent one that provides some information about solving the problem. Finally, a 
"relationships-between-quantities" definition of algebra emphasizes connections between algebra 
and the real world. 
 The emphasis on the relationships-between-quantities approach to algebra is evident 
when one examines mathematical standards over the previous two decades. For example, the 
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algebra standard of the NCTM Principles and Standards for School Mathematics (2000) includes 
that students should understand patterns, relations, and functions, represent and analyze 
mathematical situations and structures using algebraic symbols, use mathematical models to 
represent and understand quantitative relationships, and analyze change in various contexts. 
More recently, the Common Core State Standards for Mathematics (National Board of 
Governors, 2009) also emphasizes the relationships-between-quantities approach to algebra. For 
example, four of the Algebra I standards in the CCSSM are interpret the structure of 
expressions, understand the relationship between zeroes and factors, create equations that 
describe numbers or relationships, and represent and solve equations and inequalities 
graphically. Two of these four standards include the word relationship, and the other two 
describe aspects of mathematical relationships, such as interpreting and representing. 
 Beyond the specific content to be learned, the functions-based approach has been 
emphasized for its potential to increase the connectedness and relevance of algebra. This 
emphasis relies on students to develop conceptual understanding of algebra (Kilpatrick & Iszák, 
2008). Conceptual knowledge has been defined as the "implicit or explicit understanding of the 
principles that govern a domain and of the interrelations between units of knowledge in a 
domain" (Rittle-Johnson, Siegler, & Alibali, 2001). The development of conceptual 
understanding has been seen as important in achieving success in algebra for all (Schoenfeld, 
2002). 
 Chazan addressed the desire to teach for conceptual understanding in his book Beyond 
Formulas in Mathematics and Teaching. In the book, Chazan describes his experiences teaching 
Algebra I in a high need school. Compared to his previous experiences teaching Algebra I, he 
describes challenges in student motivation, preparedness, and understanding of algebra. As a 
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response to these challenges, Chazan and his colleague attempt to find a new way to teach 
algebra other than the "traditional" approach where the teacher and textbook provided all 
mathematical content knowledge. In order to develop a conceptual understanding of algebra, 
Chazan desired for his students to be able to describe algebra's "fundamental objects of study" 
(2000, p. 68). Chazan (2000) describes objects of study as the content, processes, and structures 
of a discipline, similar to the definition by Rittle-Johnson et al. (2001) above. 
 Conceptual understanding is emphasized in the book Adding it up: Helping children 
learn mathematics (Kilpatrick et al., 2001) as one of five strands of mathematical proficiency. 
According to Kilpatrick et al. (2001), mathematical proficiency is what, "is necessary for anyone 
to learn mathematics successfully," (p. 116). Similar to Chazan's idea of understanding the 
fundamental objects of algebra, Adding it up defines conceptual understanding as, 
"comprehension of mathematical concepts, operations, and relations," (Kilpatrick et al., 2001, p. 
116). In order to have this comprehension, students must be able to understand why ideas are 
important, how ideas are connected, and how knowledge can be organized in a comprehensive 
way.  
 The standards movement has defined components of conceptual understanding through 
the NCTM process standards (NCTM, 2000). These include problem solving, reasoning and 
proof, communication, connections, and representation. In addition, the Common Core State 
Standards for Mathematics has introduced "Standards for Mathematical Practice" (2009) by 
expanding on the process standards to include students' ability to choose and use the correct 
mathematical tools, be precise in communication and calculation, find and use mathematical 
structure to aid in problem solving, and identify and use patterns to generalize and find shortcuts. 
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One major component of conceptual understanding of algebra, according to Kaput (2007), is 
algebraic reasoning. In a future section, I will describe algebraic reasoning in greater detail. 
 One benefit of a functions-based approach to algebra is its potential for equity in 
mathematics education. Researchers have emphasized teaching for conceptual understanding as 
an important tool to promote learning for all algebra students (Boaler & Staples, 2008; Chazan, 
1996; Schoenfeld, 2002; Silver, Smith, & Nelson, 1995). Some specific aspects of teaching 
algebra that are considered to promote all students' learning are connecting algebra to students' 
experiences and interests (Chazan, 1996; Esmonde, 2009; Silver et al., 1995), using problems 
that can be represented multiple ways (Silver et al., 1995). A functions-based approach to 
algebra emphasizes conceptual understanding, connects to students' experiences and interests 
through its emphasis on the real world, and emphasizes representing functions in multiple ways. 
Summary of Algebra 
 Overall, the definition of algebra has shifted over time according to its place in 
mathematics and society. Today, school algebra is considered to be a foundation of high school 
mathematics and a barrier from access to higher education. Researchers have described that 
students struggle to learn algebra (Chazan & Yerushalmy, 2003; Gamoran & Hannigan, 2000; 
Kaput, 2007). Many students fail algebra (Gamoran & Hannigan, 2000; Nomi & Allensworth, 
2013; Stein et al., 2011), which restricts their access to higher mathematics education and future 
opportunity. In order to focus on the mathematics that will be useful for students, and to help 
students develop a greater understanding of what algebra is about, research and standards 
documents have emphasized a functions-based approach to algebra. This approach focuses on 
students' ability to make sense of the subject matter and to make connections across ideas. One 
benefit of this approach is the opportunity it provides for students to develop conceptual 
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understanding, which is considered to be important for students' success. A major aspect of 
conceptual understanding of algebra is algebraic reasoning. In the next section, I will describe 
what algebraic reasoning is and how it is beneficial for students. 
Algebraic Reasoning 
 The school algebra of today, with its emphasis on developing conceptual understanding, 
includes the development of algebraic reasoning as a key goal. Kaput (2007) described algebraic 
reasoning as the human activity of algebra. Reasoning is defined as "the process of drawing 
conclusions on the basis of evidence or stated assumptions” (NCTM, 2009, p. 4). Reasoning is 
considered to be important in all subject areas and other areas of mathematics (NCTM, 2009), 
but in this study, I will focus on reasoning in algebra. In this section, I will examine how 
algebraic reasoning is defined, investigate what it means to use algebraic reasoning, describe 
benefits to algebraic reasoning, and examine some difficulties students have using algebraic 
reasoning. 
What is Reasoning?   
 Reasoning has been described as a key aspect of the process of "doing mathematics" 
(Stein, Grover, & Henningsen, 1996, p. 496) that is considered to be important to student 
learning (Henningsen & Stein, 1997; Schoenfeld, 1992). Instead of seeing mathematics as a 
specific set of skills and ideas, doing mathematics entails actively engaging with and thinking 
about the subject matter (Henningsen & Stein, 1997). Specific processes of doing mathematics 
include finding and using patterns, formulating problems, thinking and reasoning flexibly, and 
examining the reasonability of results (Schoenfeld, 1992). Specifically, reasoning is described to 
require "conjecturing, generalizing, justifying, and communicating one's mathematical ideas" 
(Henningsen & Stein, 1997, p. 525). The National Council of Teachers of Mathematics' 
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publication Focus in High School Mathematics: Reasoning and Sense-Making (2009) describes 
reasoning as including both formal, deductive proof and informal, inductive reasoning.  
 The definition of reasoning in mathematics can be understood more deeply by 
investigating specific reasoning habits defined by NCTM (2009). These habits are practices 
students can perform in a classroom that make up mathematical reasoning, and are arranged in 
order from the first exposure to a problem through to its solution. The four habits of reasoning 
are analyzing a problem, implementing a strategy, seeking and using connections, and reflecting 
on a solution to a problem (NCTM, 2009). Analyzing a problem includes all of the reasoning 
involved from reading the problem through beginning mathematical work, such as translating the 
words of the problem into mathematics, building a model of the problem, deciding on what 
mathematics to use, choosing variables, finding patterns and structure, and making predictions. 
Implementing a strategy includes all of the mathematical work on the problem, such as 
strategically implementing the chosen mathematical procedures, organizing your work, and 
checking your progress throughout the problem. Seeking and using connections includes 
connecting work to other areas of mathematics and other representations. Finally, reflecting on a 
solution involves all reasoning that occurs with the solution to a problem, such as checking for 
reasonability, comparing to predictions, justifying and arguing for your solution, comparing 
methods, and generalizing (NCTM, 2009). 
What is Algebraic Reasoning?  
 In general, algebraic reasoning can be defined as the use of reasoning while working with 
the content of algebra. However, there are elements of reasoning specific to algebra that uniquely 
define algebraic reasoning. Kieran (1996), Kaput (2007), and the National Council of Teachers 
of Mathematics (NCTM, 2010) have described frameworks that help to define algebraic 
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reasoning. In this section, I will describe how each framework individually defines algebraic 
reasoning. Then, I will examine similarities and differences across the frameworks to further 
develop an understanding of the definition of algebraic reasoning. 
 Kieran's (1996) framework of algebraic activity. Kieran's definition of algebraic 
reasoning emerged from the previously described idea that algebra is an activity. Researchers 
have since shown this view to be consistent with how students, teachers, mathematicians, and 
researchers view algebra (Lee, 1997). Based on this idea, Kieran (1996) developed a model of 
algebraic activity. While Kieran did not explicitly state that she was defining algebraic 
reasoning, her focus on the activity of algebra is consistent with reasoning being defined as the 
human activity of mathematics (e.g. Kaput, 2007). Kieran's (1996) framework, the "GTG" 
framework, describes three different types of activity in school algebra, Generational, 
Transformational, and Global/Meta-Level. Each of these three types of activity defines a 
different aspect of how students do algebra. 
 The first type of activity, generational activity, includes all activities where students 
create expressions and equations (Kieran, 2007). This can include creating expressions or 
equations to represent a situation, generalize a pattern, or express a numerical rule. 
Transformational activity is all of the algebraic activity involved in manipulating the expressions 
and equations previously generated. This includes the steps in simplifying expressions, such as 
combining like terms or factoring; and in solving equations, such as performing operations to 
both sides of an equation and substituting expressions or numbers for a variable. Kieran (2007) 
describes transformational activity as going beyond just the skill-based actions on expressions 
and equations to include the conceptual understanding and formal theory behind the actions 
being performed. Finally, global / meta-level activity consists of activities that are also used 
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outside of algebra, but in which algebra is used as a tool. Global / meta-level activity does not 
necessarily require students to use algebraic symbols, and focuses on ideas like "problem 
solving, modeling, working with generalizable patterns, justifying and proving, making 
predictions and conjectures, studying change in functional situations, looking for relationships or 
structure, and so on" (Kieran, 2007, p. 714). Kieran considers these activities to be important 
because they help to contextualize and motivate the need for algebraic activity. These three types 
of algebraic activity suggest that algebraic reasoning is the creation and manipulation of 
expressions and equations, as well as the conceptual understanding and real world application of 
the expressions and equations. 
 Kaput's (2007) framework of algebraic reasoning. Another framework that defines 
algebraic reasoning is Kaput's (2007) definition of algebra and algebraic reasoning. According to 
Kaput, algebra is considered to be a "self-standing body of knowledge" (p. 8), while algebraic 
reasoning considers the aspects of "algebra as human activity" (p. 9). This contrast positions 
algebra as the mathematical content of the discipline, while algebraic reasoning is the actions 
people take on the content. More specifically, Kaput defines algebraic reasoning as 
encompassing students' ways of "doing, thinking, and talking about mathematics" (p. 9). Kaput 
defines two "core aspects" (p. 10) of algebra based on this definition of algebraic reasoning, as 
well as three strands of algebra in which the two core aspects are evident.  
 The first core aspect in Kaput's framework (2007) is "generalization and the expression of 
generalizations in increasingly systematic, conventional symbol systems" (p. 10). This core 
aspect includes all students' reasoning that relates to looking for and expressing generalizations 
from specific mathematical ideas. This core aspect is evident in Strand 1, which is the algebra of 
generalizing arithmetic properties, number properties, general relationships between variables, 
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and computation strategies when solving. One important distinction that Kaput makes is that it is 
not algebraic to simply use the properties; reasoning requires "stating these properties explicitly 
and examining their generality" (Kaput, 2007, p. 13). In addition to Strand 1, Kaput says the core 
aspect of generalizing can occur in Strand 3, which is the algebra of modeling. Specifically, Core 
Aspect 1 is used when students generalize from a situation that could be inside or outside of 
mathematics. 
 The second core aspect in the Kaput (2007) framework is "syntactically guided action on 
symbols within organized systems of symbols" (p. 10). This core aspect includes all students' 
reasoning that relates to manipulating algebraic representations using the allowed procedures of 
algebra. This core aspect is evident in strand two, which involves finding and describing patterns 
in variation and generalizing it as functions. For example, students are working with Core Aspect 
B when they are changing a quadratic equation from standard form to vertex form in order to 
determine the vertex. Core Aspect B is also evident in the type of modeling described in strand 
three where students write and solve an equation that represents a specific numerical situation. 
Core Aspect B is generally developed later than Core Aspect A because students must have built 
and generalized the rules for symbol manipulation and come to understand what is allowed in 
mathematics before they can perform those operations. Overall, Kaput's two core aspects of 
algebraic reasoning focus on reasoning as two main activities. These activities are generalizing, 
and performing mathematical actions on the generalizations. 
 NCTM's (2010) framework of algebraic reasoning. A third framework that has been 
used to define algebraic reasoning is that proposed in the National Council of Teachers of 
Mathematics (NCTM) publication Focus in High School Mathematics: Reasoning and Sense-
Making in Algebra (NCTM, 2010). This framework of algebraic reasoning uses the definition 
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that reasoning is "the process of drawing conclusions on the basis of evidence or stated 
assumptions” (NCTM, 2009, p. 4). According to NCTM (2010), algebraic reasoning has two 
main components: "key elements" (p. 2) and "specific habits of mind" (p. 3). This definition 
focuses on algebraic reasoning in school algebra, and each component describes a different 
aspect of how reasoning could be evident in the classroom. The key elements are specific 
practices that show algebraic reasoning, while the specific habits of mind are ways for students 
to use reasoning to think about algebra (NCTM, 2010).  
  The key elements of algebraic reasoning are the practices of doing mathematical 
reasoning that can be included in the algebra curriculum. According to NCTM (2010), the key 
elements of algebraic reasoning can be divided into two categories: reasoning and sense making 
with algebraic symbols and reasoning and sense making with functions. Reasoning and sense 
making with algebraic symbols entails five key elements: meaningful use of symbols, mindful 
manipulation, reasoned solving, connecting algebra with geometry, and linking expressions and 
functions. These five key elements describe the ways in which algebra students can do activities 
with symbols in algebra. Reasoning and sense making with functions entails three key elements: 
using multiple representations of functions, modeling by using families of functions, and 
analyzing the effects of parameters. These three key elements describe activities students can do 
with functions. In general, the key elements related to symbols describe procedures students can 
perform to create and manipulate expressions and equations, while the key elements related to 
functions describe the activities of representing reality with algebra. 
 While the key elements of algebraic reasoning according to NCTM (2010) are practices 
that can be included in the curriculum to encourage students to use algebraic reasoning, the 
specific habits of mind are ways for students to use reasoning to think about algebra. The three 
 22 
habits of mind are defined the same as they are by NCTM (2009) for all reasoning: analyzing a 
problem, implementing a strategy, and reflecting on a solution. There are components of these 
habits that are specifically important to algebraic reasoning (NCTM, 2010). When analyzing a 
problem in algebra, NCTM argues that three important habits of mind are defining relevant 
variables and conditions carefully, seeking patterns and relationships, and looking for hidden 
structure (NCTM, 2010). When implementing a strategy in algebra, using procedures 
purposefully and checking progress while solving a problem are emphasized (NCTM, 2010). 
Finally, when reflecting on a solution, algebra students should specifically think about 
interpreting the solution, understanding whether it is reasonable, and generalizing (NCTM, 
2010). Overall, NCTM (2010) defines algebraic reasoning by focusing on explicit practices that 
students can do to use algebraic reasoning, as well as implicit ways of thinking that use algebraic 
reasoning. The explicit practices focus on actions students perform to create and manipulate 
expressions with symbols, as well as to represent the real world with functions. The implicit 
ways of thinking focus on how to understand, manipulate, and solve using families of functions 
and equation solving procedures in algebra. 
 A combined definition of algebraic reasoning. An examination of all three frameworks 
leads to an overall definition of algebraic reasoning. A first component of this definition is that 
algebraic reasoning is the human activity of algebra. All three definitions of algebraic reasoning 
focus on activities students perform when doing mathematics. The GTG framework (Kieran, 
1996) is a description of three different levels of activity in algebra. Kaput (2007) describes the 
core aspects as the human activity of algebra. NCTM defines the key elements as practices 
students can do in a classroom (NCTM, 2009). From these descriptions, it is clear that algebraic 
reasoning is the activity of algebra. 
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 In addition, these three frameworks of algebraic reasoning describe that it involves both 
representing a situation with equations or functions and creating and manipulating expressions 
with symbols. The GTG model (Kieran, 1996) and the Kaput (2007) framework address 
representing situations with algebra by describing the process of taking a specific situation and 
generalizing it with symbols, through the generational aspect of the GTG model and Kaput's 
Core Aspect 1. These aspects correspond to the key elements of reasoning and sense making 
with functions according to NCTM (2010). The second components of the GTG model and 
Kaput framework describe the process of working with those symbolized generalizations, with 
the transformational component of the GTG model and Core Aspect 2 of Kaput's model. This 
process involves creating and manipulating expressions, which correspond to the NCTM key 
elements of reasoning and sense making with symbols. Each model describes algebraic 
reasoning through activities with symbols and activities with functions. 
 A third component of a combined definition of algebraic reasoning is that algebraic 
reasoning involves implicit ways of thinking in addition to the explicit actions described above. 
This is most evidence in the GTG model (Kieran, 1996) and the NCTM framework (NCTM, 
2010), which both describe thinking strategies that could be more generally applied to other 
subjects and areas of mathematics. These strategies are included in the global / meta-level 
activity in the GTG framework, and are similar to many of the specific habits of mind of the 
NCTM framework. For example, both frameworks address the ideas of working with patterns 
and looking for structure in this part of the model. However, many of the activities Kieran 
includes in the global/meta-level are embedded in the key elements of the NCTM framework, 
such as modeling, which is its own key element, studying change in functions, which is part of 
analyzing the effects of parameters, and making predictions, which is an aspect of mindful 
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manipulation. These two frameworks of algebraic reasoning emphasize the idea of algebraic 
reasoning as consisting of implicit thinking strategies as well as explicit actions. 
Why Focus on Algebraic Reasoning? 
 Algebraic reasoning is an important focus of the Algebra I classroom because of how it 
relates to the algebra students are expected to learn in school today. As previously described, the 
activity of algebra has shifted over time as the use of algebra in society has changed. Today, the 
functions-based approach emphasizes the importance of developing a conceptual understanding 
of algebra. In addition, algebra is considered to be important because of its connections between 
ideas in algebra, other areas of mathematics, and the real world. In this section, I will describe 
why a focus on algebraic reasoning is important because of its potential to help students develop 
conceptual understanding and use algebra in the real world.  
 One reason to encourage algebraic reasoning in the Algebra I classroom is that it is 
considered to be important to students' understanding of algebra. A key benefit is that reasoning 
helps students organize their knowledge in a way they can more easily understand (NCTM, 
2009). One way reasoning does this is by encouraging connections to students' prior knowledge. 
Reasoning is considered to be an aspect of developing conceptual understanding of mathematics 
(NCTM, 2009), which research has found encourages connections to prior knowledge that aid in 
retention of new information (Hiebert, 2003; Kilpatrick et al., 2001; NCTM, 2009). For example, 
when students are able to use reasoned solving, they are less likely to view equation-solving 
steps as a "list of tricks" (p. 12), because they understand the processes behind their procedure. If 
students are able to use mindful manipulation, they are better able to avoid the common issue of 
students generalizing a property that is mathematically incorrect (NCTM, 2009). Students are 
better able to avoid misconceptions in mathematics because of algebraic reasoning ability. 
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 Developing algebraic reasoning ability is also considered to be beneficial outside the 
mathematics classroom. NCTM (2009) argues that focusing on reasoning helps students to 
become "citizens who make informed and reasoned decisions, including quantitatively 
sophisticated choices about their personal finances, about which public policies deserve their 
support, and about which insurance or health plans to select. It will also produce workers who 
can satisfy the increased mathematical needs in professional areas ranging from health care to 
small business to digital technology” (p. 3). By emphasizing reasoning in the mathematics 
classroom, students are provided an opportunity to develop a better understanding and ability to 
participate in mathematics, and the world as a whole. 
Summary of Algebraic Reasoning 
 Reasoning is considered to be an important component of mathematics, and algebraic 
reasoning is the aspects of reasoning specific to algebra. Researchers have described frameworks 
to define algebraic reasoning. While each framework I have described defines algebraic 
reasoning in a different way, there are similarities across the three definitions that demonstrate 
what algebraic reasoning is. According to these frameworks, algebraic reasoning is the human 
activity of algebra. This human activity is performed both using symbols to create and 
manipulate expressions, and using functions or equations to represent specific situations in 
mathematics and the real world. In addition, algebraic reasoning includes ways of thinking that 
help students to reason about algebra in mathematics and the real world. Algebraic reasoning is 
important because of its potential for helping students learn algebra, especially in school algebra 
as it is defined today. In the next section, I will describe a possible way to encourage students to 
use algebraic reasoning in algebra, the process of mathematical modeling. 
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Mathematical Modeling 
 One area of mathematics that has the potential to elicit students' use of algebraic 
reasoning is mathematical modeling. Although the definition of modeling has not always been 
clear in mathematics (Lingefjärd, 2006), recent definitions of modeling refer to the process of 
using mathematics to investigate and analyze real world situations. Mathematical modeling 
involves a number of steps in a modeling cycle (Blum, 2011) that require students to begin with 
a problem from the real world, translate the problem into the mathematical world, and interpret 
the results back in the real world. In this section, I will examine how mathematical modeling has 
been defined, as well as how the process of modeling has been described in research. In addition, 
I will investigate some of the benefits and challenges of using modeling to learn mathematics. 
Finally, I will describe how modeling connects with algebraic reasoning. 
What is Mathematical Modeling?  
 The word "modeling" has been used to describe many different activities in mathematics. 
The broadest of these definitions is that modeling is the process of representing a problem. For 
example, modeling has been defined as the use of functions to describe how variables change 
together (e.g. Lloyd et al., 2011). This definition of modeling is similar to that used in Jacobson 
(2014), who described the ability to model as requiring students to "use their understanding of 
arithmetic operations to make mathematical sense of problem situations and to relate this sense 
making to functions represented by equations, tables, and graphs" (p. 515). In Jacobson's study 
(2014), students did this by using the idea of co-variation reasoning, which is a type of reasoning 
where students study how variables change together (Confrey & Smith, 1995). An additional 
definition of mathematical modeling is that of the process of solving from a problem description 
to a solution (e.g. Chazan & Yerushalmy, 2003). One key theme among these descriptions is that 
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a modeling problem is not necessarily a contextual problem. However, the definition of 
modeling today focuses on using mathematics to describe contexts. 
 In contrast to the definitions previously stated, Blum (2011) described a definition of 
modeling that requires the use of a context (2011). In this definition, mathematical modeling is 
the process of translating between reality and mathematics. The importance of translating 
between reality and mathematics has also been emphasized in other research on modeling (Tran 
& Dougherty, 2014; Zbiek & Connor, 1996), as well as recent policy. For example, according to 
the Common Core State Standards for Mathematics (National Board of Governors, 2009), 
modeling is "the process of choosing and using appropriate mathematics and statistics to analyze 
empirical situations, to understand them better, and to improve decisions" (p. 72). This is similar 
to the definition of a modeling task as described by Blum as a task that requires students to 
translate between reality and mathematics (2011). However, these two definitions are still very 
broad, and allow for many interpretations of what a modeling task should be.  
 One set of guidelines for defining a modeling task is the modeling hierarchy framework 
by Niss, Blum, and Galbraith (2007) and described further by Tran and Dougherty (2014). This 
framework identifies three types of problems with contexts in mathematics; word problems, 
standard applications, and true modeling problems. In the first, word problems, the context does 
not actually affect the solution of the problem. Once students extract the important numbers from 
the problem, they can apply a mathematical formula or procedure. In a standard application, the 
problem can still be solved without regard of the context. However, standard applications require 
deeper conceptual mathematical ideas than word problems, and lend themselves to more than 
one solution strategy. In contrast to word problems and standard applications, Tran and 
Dougherty (2014) describe a true modeling task as one that involves beginning with a question, 
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representing the question mathematically, and using mathematics and the context to solve, 
interpret, and justify. One key aspect of the modeling process is that the problem at the beginning 
is not given to the students. Instead students must interpret the contextual situation to determine 
what the problem is that they are trying to solve (Pollak, 2011). A key component of this 
definition of a modeling task is that creating a model requires more than stripping away a context 
and applying a mathematical formula (Kieran, 2007). Those problems are instead defined as is 
typical word problems (Niss, et al., 2007). Instead, modeling problems are intended to be open-
ended mathematics problems that require students to create and analyze data (e.g. the "Giant's 
shoes" task in Blum, 2011). 
 One example of true modeling problems is the Mathematical Modeling Handbook 
(Gould, Murray, & Sanfratello, 2012) published by the Consortium for Mathematics and Its 
Applications (COMAP). This handbook is a set of modeling modules that address a variety of 
high school mathematical topics and areas of contextual interest for students. In the introduction 
to this handbook, Pollak (2012) describes modeling problems as problems where the context and 
the mathematics are both important to the process of solving the problem. Pollak (2012) 
describes a main contrast between modeling and problem solving as that a modeling problem 
begins in the "'unedited' real world" (p. viii), while in problem solving the real-world situation 
that is presented is already simplified in a way that mathematics can be applied. In addition, 
students must interpret a modeling problem in terms of the real-world situation, whereas problem 
solving concludes with a mathematical result. 
 The modeling cycle. One framework that goes into greater detail about the steps 
described above is the modeling cycle. Many different versions of the modeling cycle exist 
(Blum, 2011), as synthesized by Borromeo Ferri (2006). In general, the modeling cycle is the 
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process of starting with a task grounded in a real situation, representing that task mathematically, 
using mathematics to come up with a solution to the task, and validating and presenting the 
solution. A modeling cycle represents an ideal process of mathematical modeling, though 
researchers have found that students do not model in a linear way (Borromeo Ferri, 2006). In 
addition, the modeling cycle varies depending on whether it is to be used for teaching or research 
(Borromeo Ferri, 2006). 
 One frequently used modeling cycle is that of Blum and Leiss (2007), who proposed a 
modeling cycle that consists of seven steps. The first two steps of the modeling cycle, 
constructing and simplifying / structuring, involve finding the problem and creating a model of 
the real situation that could be represented mathematically. During these two steps, students are 
still working on the problem as it is in the real world (Borromeo Ferri, 2006). The next two steps 
of the modeling cycle are mathematizing and working mathematically. These steps involve the 
use of mathematics to represent and solve the problem. During both of these steps, the students 
have separated the mathematics from the real situation and are working on the problem in the 
mathematical world (Borromeo Ferri, 2006). Finally, interpreting, validating, and exposing 
involve the transition from mathematics back to the real world (Borromeo Ferri, 2006). During 
these three steps, students determine, interpret, and justify their final solution to the real world 
problem, and then present their results publicly. 
 Variations in the modeling cycle. Some variation occurs in how the modeling cycle is 
depicted in research. One variation in modeling cycles is how many steps really occur between 
students starting with a problem situation and building a mathematical representation of the 
situation. As described by Borromeo Ferri (2006), the different models created in a modeling 
problem are a situation model, real model, and mathematical model. The situation model is a 
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"mental representation of the situation" (Borromeo Ferri, 2006, p. 87), and includes the mental 
processes that happen while a student is reading and interpreting the problem. The real model is 
a simplified version of the situation model that students have structured to make the problem 
mathematically manageable. The mathematical model is a representation of the situation where 
the students have translated the aspects of the situation model into mathematics. These three 
models are challenging to differentiate.   
 Not all research considers all of these models in the modeling cycle. For example, 
Borromeo Ferri (2006) explains that the idea of a situation model might not be appropriate to 
include in modeling cycles meant for teaching to students, because of students' difficulty in 
distinguishing these steps. Blum (2011) addresses this issue by proposing that students use a 
four-step "Solution Plan" that combines steps of his seven-step model. In addition, certain types 
of modeling problems, such as those closer to word problems, involve the simultaneous creation 
of the situation model and real model. Because of this, distinguishing between the two is not 
possible. However, for research that is designed to focus on students' cognitive process while 
modeling, the step of translating from situation model to real model is one that can present 
problems for students (Blum & Leiss, 2007). Thus, they use a modeling cycle that distinguishes 
between all three models. In this modeling cycle, the constructing step requires translating from 
the real situation to a situation model, the simplifying / structuring step involves translating from 
the situation model to the real model, and the mathematizing step requires translating from the 
real model to the mathematical model. All of these versions of the modeling cycle still follow the 
same basic path of beginning in the real world, translating to mathematics and working 
mathematically, and then interpreting and exposing the mathematical solution in terms of the real 
world problem. 
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Why is Mathematical Modeling Beneficial? 
 Previous literature has described benefits to students doing mathematical modeling. This 
includes research on mathematical modeling, as well as the NCTM standards (1999) and 
Common Core State Standards for Mathematics (National Board of Governors, 2009). Three of 
the main benefits of mathematical modeling described in research are that it emulates how 
mathematics is done in the real world, allows students to engage in contexts that are interesting 
to them, and promotes equity in mathematics education. I will describe these three benefits in 
more detail in the following paragraphs. 
 One of the benefits of mathematical modeling is that, when students model, they are 
applying mathematics in a way similar to how it is used in actual application (Blum, 2011). 
Policy documents emphasize connecting mathematics to the real world (National Board of 
Governors, 2009; NCTM, 2000; National Research Council, 1990), and modeling is a method to 
foster these connections. Doing mathematics from the real world is important because it can 
"equip students to deal with situations outside mathematics" (Lingefjärd, 2006, p. 97). Modeling 
activities help do this by emphasizing problems that originate from other topic areas (Barbosa, 
2006). This benefit has been described as part of the utility argument for mathematical modeling 
(Blum & Niss, 1991). This argument claims "mathematics instruction should prepare students to 
utilize mathematics for solving problems in or describing aspects of specific extra-mathematical 
areas and situations" (p. 43). By emphasizing mathematical modeling, students will have more 
opportunities to do mathematics as it is done in the real world, as is emphasized in these 
arguments. 
 A second benefit of mathematical modeling is that it has the potential to raise students' 
interest in mathematics. This is because modeling allows teachers to choose problems that are 
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embedded in contexts that are interesting to students, possibly increasing their motivation to 
think about mathematics. Blum and Niss (1991) described this as a reason to include 
mathematical modeling in the curriculum, where they said that modeling is "well suited to assist 
students in acquiring, learning and keeping mathematical concepts, notions, methods and results, 
by providing motivation for and relevance of mathematical studies" (p. 44). Engaging students in 
interesting concepts has been found to increase their level of conceptual reasoning. For example, 
students doing modeling problems on oil consumption and building retirement homes were 
found to use aspects of the context in their reasoning when they shared a special interest in the 
context (Busse, 2011). This emphasizes the important connection between mathematics and the 
real world that I previously described. 
 The connection between modeling and the real world is also potentially beneficial to 
promote equity in mathematics education. For example, a social justice curriculum (Gutstein, 
2003) emphasizes students' understanding the world with mathematics. In a social justice 
curriculum, students use real world data to study issues important to them and make conclusions 
and interpretations about the issues using mathematics. These issues require students to 
mathematically model. They must make assumptions, structure the problem, apply mathematics, 
and interpret their mathematical result in the real world. By choosing modeling contexts that 
relate to social justice issues in society, students have the opportunity to develop a greater sense 
of mathematical power (Gutstein, 2003). Gutstein (2003) describes the students he taught a 
social justice curriculum as using multiple methods, finding multiple solutions, reasoning, and 
communicating their understanding, all components of a conceptual understanding of 
mathematics. 
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Why is Mathematical Modeling Challenging? 
 While research has found many benefits to mathematical modeling, it has also found that 
modeling is challenging for students. These challenges include difficulties working with each 
step in the modeling cycle, as well as challenges carrying out the modeling cycle as a whole. 
These challenges suggest that it is necessary to focus on how to help students do mathematical 
modeling. I will now describe these challenges in more detail.  
 Each step in the modeling cycle presents challenges for students unique to that step. 
Blum (2011) has described these potential difficulties. When constructing, students often ignore 
the context and use only the numbers in the problem to do a mathematical procedure. When 
simplifying / structuring, students can fail to make proper assumptions in a way that simplifies 
the problem to become mathematically feasible. While mathematizing, students can fail to 
include necessary values in their model. During working mathematically, students can struggle to 
use the mathematical procedures properly. When interpreting, students can forget or misinterpret 
what their calculations mean. While validating, an error is that the students simply forget to 
validate and expose a final answer that doesn't make sense. These are just some of the potential 
errors students make in each step of the modeling cycle, demonstrating the challenge of each step 
in the process. 
 Beyond challenges in each step of the modeling cycle, students struggle to complete the 
modeling process as a whole. For example, Ortiz and Dos Santos (2011) found that, when 
students attempted to solve mathematical modeling problems without training, they failed to 
truly carry out the mathematical modeling process. Specifically, research has found that students 
struggle to begin modeling with the constructing and simplifying / structuring steps, especially 
students who are new to modeling (Crouch & Haines, 2004). In addition, students often do not 
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validate or struggle to validate their models (Maaß, 2007; Sol et. al, 2011). Challenges while 
doing mathematical modeling occur for a number of reasons. These include that modeling is 
cognitively demanding (Blum, 2011), modeling requires a student-directed working process 
where students also make the "right" decisions (Blomhøj & Jensen, 2007), and modeling cannot 
be separated from other mathematical competencies (Niss 2003). Overall, it is clear that, while 
modeling can be beneficial for students, it is also difficult. Because of the potential benefits and 
challenges, studying how to help students do mathematical modeling is an important area of 
research. 
How is Mathematical Modeling Related to Algebraic Reasoning? 
 In this study, I am examining the relationship between mathematical modeling and 
students' use of algebraic reasoning. I have previously described what algebraic reasoning is and 
why it is important. I have also described what mathematical modeling is and why it is 
important. I will now describe how the definitions of the steps of the modeling cycle suggest a 
connection between mathematical modeling and algebraic reasoning. 
 The primary connections between mathematical modeling and algebraic reasoning are 
related to the last five steps of the mathematical modeling cycle. For example, while 
mathematizing, students translate a real world model into mathematics (Blum, 2011). This could 
include the use of algebraic symbols to represent variables, an aspect of the meaningful use of 
symbols component of algebraic reasoning. While working mathematically, students may create 
multiple representations of functions (e.g. equations, graphs, or tables), use their knowledge of 
families of functions to build a function, and describe the purpose of procedures they are doing. 
These actions connect to the using multiple representations of functions, modeling by using 
families of functions, and mindful manipulation key elements of algebraic reasoning. While 
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interpreting, students explain the meaning of their solutions in context (Blum, 2011), 
demonstrating the reasoned solving component of algebraic reasoning. While validating, if the 
model is not appropriate students must revise it to determine an appropriate solution (Blum, 
2011). This could lead to students changing the parameters of an equation or function they have 
built, which is the key element of algebraic reasoning analyze the effects of the parameters. 
Finally, exposing the solution to the model reveals students ability to understand their solution in 
context, an aspect of reasoned solving. Because of these connections, I believe mathematical 
modeling can be useful to encourage students to use algebraic reasoning. 
Summary of Literature Review 
 Research has shown that Algebra I is an important subject for students' success in 
mathematics and beyond. Algebra has evolved throughout history to become the functions-based 
mathematics that is taught in schools today. One key component of functions-based school 
algebra is algebraic reasoning ability. Based on researchers' definitions, algebraic reasoning is 
the human activity of algebra. Algebraic reasoning involves actions with symbols and functions, 
as well as ways of thinking about mathematics and the real world. Mathematical modeling, or the 
process of translating between reality and mathematics to solve real-world problems, is also an 
important emphasis in mathematics education. Mathematical modeling is the process of 
translating reality into mathematics, and can be understood through the idea of the modeling 
cycle.  
 Both mathematical modeling and algebraic reasoning have been shown to be beneficial to 
students, and connections between the steps in the modeling cycle and the definitions of 
algebraic reasoning suggest that mathematical modeling could be useful to encourage students' 
algebraic reasoning. However, mathematical modeling is challenging for students, suggesting 
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that how students learn algebra through mathematical modeling must be studied. Because there is 
a relative lack of research understanding how students do mathematical modeling in practice 
(Barbosa, 2006), and because research has not focused on how Algebra I students' modeling 
behavior encourages or discourages the learning of algebra, I attempted to address this area of 
research in this study. In the next chapter, I will describe the theoretical perspectives I used to 
frame my analysis. 
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CHAPTER 3: THEORETICAL PERSPECTIVES 
 In this study, I drew on the theory about algebra and modeling to develop a better 
understanding of students' mathematical modeling in algebra. I used algebraic reasoning to 
examine students' learning in algebra, drawing on the key elements defined by NCTM (2010) to 
identify and analyze how students used algebraic reasoning in the modeling lesson. To 
understand students' mathematical modeling, I used the ideas of the modeling cycle (Blum & 
Leiss, 2007) and modeling route (Borromeo Ferri, 2007) to identify and analyze how students 
modeled. In this chapter, I will describe these ideas in further detail, explaining how they were 
useful to understand students' mathematical modeling and algebraic reasoning behavior. 
NCTM's (2009) Key Elements to Understand Students' Learning in Algebra 
 In this study, I used algebraic reasoning as a lens to examine students' learning of algebra. 
I chose to focus on identifying observable evidence of algebraic reasoning in students' 
conversations and physical actions during the lesson, rather than students' finished written work. 
This focus aligns with the perspective of algebra as an activity (Kieran, 2007). In order to 
understand students' activity during the lesson, I wanted to analyze their actions rather than their 
finished product. By analyzing students' actions during the lesson, I can understand how their 
reasoning develops throughout their work on the problem. In order to observe students' algebraic 
reasoning activity, I used the NCTM framework (2009) of key elements of algebraic reasoning. 
While the frameworks I examined in the literature review all conceive of algebraic reasoning in a 
similar way, the framing of the key elements as specific practices allowed me to translate them 
into operational definitions that allowed me to identify reasoning more clearly in students' work. 
A brief description of each NCTM (2009) key element of algebraic reasoning is in Table 1. 
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The Key Elements of Reasoning and Sense Making with Symbols 
 The first key element of reasoning and sense making with algebraic symbols is 
meaningful use of symbols. Meaningful use of symbols is the ability to use symbols, expressions, 
and equations with purpose and with a clear link to the context and problem being solved. 
Students meaningfully use symbols by choosing variables appropriately, building expressions and 
Table 1 
NCTM's (2009) Key elements of algebraic reasoning 
Name of key element Description, paraphrased from NCTM (2010) 
Reasoning and sense making with algebraic 
symbols 
 
     Meaningful use of symbols The ability to use symbols, expressions, and 
equations with purpose and with a clear link 
to the context and problem being solved. 
     Mindful manipulation The ability to strategically manipulate 
expressions with a purpose towards an end 
objective. 
     Reasoned solving The ability to understand the logic behind 
solving an equation, as well as connect the 
steps in an algebraic problem to their 
arithmetic foundation. 
     Connecting algebra with geometry The ability to represent algebraic situations 
geometrically, and vice versa, as well as the 
ability to see connections between algebraic 
and geometric representations. 
     Linking expressions and functions The ability to understand multiple 
representations of a function, as well as how a 
problem can be represented multiple ways 
algebraically. 
Reasoning and sense making with functions  
     Using multiple representations of functions The ability to use multiple representations, 
choose the most appropriate representations 
for a problem and make connections across 
representations. 
     Modeling by using families of functions The ability to use knowledge of families of 
functions to build a model that could 
represent a contextual situation. 
     Analyzing the effects of parameters The ability to understand how changing the 
equation of a function affects the function and 
its representations through knowledge of the 
structure of the function. 
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equations from a context and understanding their structure, and manipulating expressions into 
different forms if necessary for interpretation (NCTM, 2009, pp. 31-33). Mindful manipulation, 
the second key element, is the ability to strategically manipulate expressions with a purpose 
towards an end objective. This means that, when a student manipulates an expression, he or she 
considers the laws of arithmetic, the context, and mental predictions of what might happen in 
choosing how to manipulate (NCTM, 2009, p. 33). The third key element, reasoned solving is 
the ability to understand the logic behind solving an equation, as well as connect the steps in an 
algebraic problem to their arithmetic foundation. Students use reasoned solving when they 
understand how the steps in solving an equation relate to equality, and understand the meaning of 
their solution in context (NCTM, 2009, pp. 34-35). Connecting algebra with geometry, the fourth 
key element of reasoning and sense making with symbols, is the ability to represent algebraic 
situations geometrically, and vice versa, as well as the ability to see connections between 
algebraic and Geometric representations (NCTM, 2009, p. 36). Finally, linking expressions and 
functions is the ability not just to understand multiple representations of a function, such as a 
table, graph, or equation, but also to understand how a problem can be represented multiple ways 
algebraically (NCTM, 2009, p. 37). For example, NCTM (2009) describes a problem where 
students must choose the most effective of four different forms of the same function, based on 
criteria of what they are supposed to find. These five key elements allowed me to identify how 
students used algebraic reasoning with symbols in the modeling lesson. 
The Key Elements of Reasoning and Sense Making with Functions 
 The first key element of reasoning and sense making with functions is using multiple 
representations of functions. In addition to being able to use multiple representations, students 
who have mastered this key element can choose the most appropriate representations for a 
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problem and make connections across representations (NCTM, 2009, pp. 41-42). The second key 
element, modeling by using families of functions, according to NCTM (2009, p 45), is the ability 
to use knowledge of families of functions to build a model that could represent a contextual 
situation. In the NCTM key elements, successful modeling requires students to choose an 
appropriate family of functions to represent a situation, build an appropriate function to represent 
the data, and use the function to solve the problem and interpret their solution in context (NCTM, 
2009, pp. 14-15). The last key element of reasoning and sense making with functions is 
analyzing the effects of parameters. This key element involves understanding how changing the 
equation of a function affects the function and its representations through knowledge of the 
structure of the function (NCTM, 2009, p. 51). These three key elements allowed me to identify 
how students used algebraic reasoning with functions in the modeling lesson.  
 In this study, in order to identify the key elements of algebraic reasoning, I developed a 
set of observable actions corresponding to each key element. By examining how often the 
students used each key element, I was able to understand how students used algebraic reasoning 
to do mathematical modeling. In the methods chapter, I will describe the process I followed to 
develop these actions, as well as how I used them to identify algebraic reasoning in the lesson. 
The Modeling Cycle and Modeling Routes 
 In this study, I used the concepts of the modeling cycle and modeling route to understand 
how students do mathematical modeling. I chose the modeling cycle described by Blum and 
Leiss (2007) to frame my analysis. In an attempt to help students with the difficulty of 
mathematical modeling, and because the students in the study had not previously learned the 
modeling cycle, I embedded the steps of the modeling cycle into the lesson. I chose the Blum 
and Leiss modeling cycle because it breaks the modeling process into more steps than other 
 41 
modeling cycles, distinguishing the situation model, real model, and mathematical model from 
each other as described in the literature review. For the purpose of lesson design, it was useful to 
think about each step as I created the lesson. In addition, because researchers have found that 
building the situation model from the real situation is important to understand the task, I wanted 
to consider this step as I designed the lesson. I will now describe the steps of the modeling cycle, 
according to Blum and Leiss (2007), in more detail. A diagram of the modeling cycle can be 
found in Figure 1. 
 
Figure 1. The mathematical modeling cycle proposed by Blum and Leiss (2007) 
 The first step, constructing, involves understanding the situation and constructing a 
model that includes all of the aspects of the situation. This step is where students create the 
situation model (Borromeo Ferri, 2006, p. 87), which Borromeo Ferri (2006) described as 
students' understanding of the entire real world situation. Constructing does not necessarily 
happen explicitly (Borromeo Ferri, 2006), however can include representing the problem with a 
picture or diagram (Blum & Leiss, 2007). However, at this stage, the representation is a 
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depiction of the real world situation; it has not been simplified to make the problem 
mathematically manageable. For example, Blum and Leiss (2007) described a problem in a 
problem involving finding the distance running from a cableway to the base of a mountain. In the 
constructing step of the modeling cycle, students are picturing this situation as it would be in the 
real world. 
 The second step, simplifying / structuring, requires students to determine which aspects 
of the situation are necessary to create a mathematical model, and decide what these variables 
are. In this step, students create the "real model" (Borromeo Ferri, 2006, p. 92). The real model is 
still representing the real situation as opposed to the mathematical situation, but students have 
refined aspects of the model to make the problem more mathematical. In the Blum and Leiss 
(2007) example, the students' depiction of the mountain from the constructing step could be 
refined into a depiction of a triangle in simplifying / structuring, with the anticipation that the 
problem will mathematically require the use of right triangle trigonometry.  
 The third step in the modeling cycle is mathematizing. This step is where students 
translate from reality to mathematics, as described in the definition of modeling in the literature 
review. The term mathematizing has been defined previously by Hans Freudenthal to refer to 
"organizing from a mathematical perspective" (Gravemeijer & Doorman, 1999). Freudenthal's 
definition of mathematizing refers both to organizing real-world information and mathematics, 
described by Treffers (1987) as horizontal mathematizing (mathematizing from a context to 
mathematics) and vertical mathematizing (mathematizing from a lower to a higher level of 
mathematics). The mathematizing referred to in this modeling cycle is that of horizontal 
mathematizing; in the mathematizing step of the modeling cycle, students use mathematics to 
describe the contextual model they have created in the first two steps (Blum, 2011). For example, 
 43 
in mathematizing, students transform the triangular real model previously described into a right 
triangle with specific side lengths known and specific side lengths to be found (Blum & Leiss, 
2007). 
 Following mathematizing, the fourth step in the modeling cycle is working 
mathematically (Blum, 2011). This step includes all of the relevant mathematical calculations 
and manipulations to the model. In the example previously described, this involves selecting the 
Pythagorean Theorem to find a missing side length, inputting the values from the model into the 
theorem, and carrying out mathematical procedures (Blum & Leiss, 2007). This step ends with 
the calculation of a mathematical result, before that result can be applied to the contextual 
situation. 
 In the fifth step of the modeling cycle, interpreting, students use their mathematical 
results to decide on a solution to the real world situation. For example, in the example previously 
described, the students were completing a modeling problem requiring them to find a distance 
from a point on the ground to the base of a mountain (Blum & Leiss, 2007). In this problem, 
interpreting involves explaining that the meaning of their mathematical result is a distance 
between the two locations. This result is called the real result, because it describes a solution to 
the real world problem and not the mathematical problem. 
 Then, in validating, the sixth step in the modeling cycle, students are required to check to 
see if their real result makes sense in the context. For example, this could involve checking to see 
if a distance found is too long or too short for the length it represents, compared to the given 
information in the problem. This could also involve slightly changing the value of a solution to 
fit the context of the problem (Blum & Leiss, 2007). If the students decide the solution does not 
make sense, then validating also requires students to go back and refine the model. This could 
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trigger students to follow the modeling cycle a second time by returning to earlier steps to 
modify the mathematical results (Blum, 2011).  
 The final step of the modeling cycle is exposing. In this step, the students present their 
solution. Students can expose via a written solution, as in Blum and Leiss (2007). Exposing can 
also happen through a presentation or other form of sharing results. Overall, research describes 
the process of exposing in less detail than the other seven steps. This is possibly because, when 
exposing, the mathematical and real world thinking is already complete, and students are sharing 
what was already done in the first six steps. 
 During this study, I identified how students modeled by adapting a set of observable 
modeling actions originally proposed by Sol et al. (2011). In the methods chapter, I will describe 
how I developed the set of actions in more detail. I used the codes to identify when the students 
demonstrated each step in the modeling cycle during the lesson. To understand how students 
modeled, I examined how often the students used each step in the modeling cycle. Additionally, 
in order to examine an overall picture of students' modeling, I also examined each group's 
modeling route (Borromeo Ferri, 2007). I will now describe what a modeling route is, and how it 
can be used to understand how students do mathematical modeling. 
Modeling Routes  
 Because of the challenges and differences associated with how students model, 
researchers have focused on better understanding how students do mathematical modeling. One 
method of understanding how students do mathematical modeling is the concept of a modeling 
route (Borromeo Ferri, 2007). A modeling route is a description of how students pass through the 
steps of the modeling cycle while doing a modeling problem, using their verbal expressions or 
student work as evidence. The modeling route describes each step students pass through in the 
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lesson from beginning to end, rather than a frequency of how often students use each step. For 
example, Sol et al. (2011) analyzed students' written work on a modeling lesson and identified 
what observable modeling actions students demonstrated as they completed the lesson. Then, 
they created a list showing the order students performed each of the actions during the lesson. 
Borromeo Ferri (2007) emphasized that the creation of a modeling route must originate from 
visual evidence of students using the steps in the modeling cycle. Modeling routes are useful to 
describe which steps in the modeling cycle the students use during a modeling problem, as well 
as whether or not they proceed through the steps in an "ideal" way (e.g. Borromeo Ferri, 2007; 
Haines & Crouch, 2010; Sol et. al, 2011). In this study, I used each group's modeling route to 
understand how their mathematical modeling process compared to the idealized modeling cycle, 
as well as how variations in the modeling route related to students' use of algebraic reasoning.  
Summary of Theoretical Perspectives 
 In order to frame my analysis of students' mathematical modeling in algebra, I used the 
key elements of algebraic reasoning (NCTM, 2010) to frame my analysis of students' learning of 
algebra. This framework is useful because of its focus on explicit practices of algebraic 
reasoning that I hypothesized would be observable in students' work. To understand students' 
mathematical modeling, I used the steps in the Blum and Leiss (2007) modeling cycle to create a 
set of observable actions that could identify what modeling behavior students showed at each 
point of the lesson. I also used the concept of a modeling route (Borromeo Ferri, 2007) to frame 
my analysis of how students modeled throughout the entire lesson. In the next chapter, I describe 
the methods of the study, including the classroom I studied, the lesson I designed, and the coding 
templates I used to analyze students' work. 
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CHAPTER 4: METHODS 
 In order to answer the research questions, I designed and taught a modeling lesson to four 
Algebra I classes. I audio-recorded and video-recorded the lesson and collected students' written 
work for analysis. I examined the students' work on the lesson for evidence of modeling and 
evidence of algebraic reasoning. In this chapter, I will begin by describing the modeling lesson, 
including the motivations for its design and the procedures for the lesson. Then, I will describe 
the data sources, including the classroom and groups that were analyzed and method of data 
collection. I will then describe how I implemented the lesson plan in the classes. Then, I will 
describe the method of data collection. Finally, I will explain how I analyzed the data, including 
how I identified evidence of modeling and how I identified evidence of algebraic reasoning in 
the lesson using the theoretical perspectives I previously described. 
The Modeling Lesson 
Designing the Modeling Lesson 
 In order to examine how mathematical modeling might elicit aspects of algebraic 
reasoning in a high school Algebra I class, I created a modeling lesson requiring students to build 
a new Internet music business. The purpose of creating a new business was for the students to 
identify and address an inequity in the business models of current Internet music businesses. I 
chose to create a lesson myself rather than use a pre-existing modeling lesson. I chose this in 
order to design a lesson that would focus on addressing the benefits and challenges of modeling 
for the specific students I would be teaching. One of these challenges I wanted to specifically 
address was that the students in the class had not previously learned the modeling cycle. In 
addition, I anticipated that students would encounter difficulties with different steps in the 
modeling cycle, and wanted to design a lesson that would address these difficulties. Finally, I 
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wanted to design a lesson myself so that I could take advantage of the benefit that modeling 
allows teachers to choose contexts that are interesting to their specific students. In this section, I 
will describe how I addressed these potential benefits and challenges in my process of designing 
the lesson. 
 One challenge to mathematical modeling that I wanted to address with my lesson was 
that the students I would be teaching had not previously experienced true modeling, specifically 
the modeling cycle, as defined by researchers. Research has shown that students who have not 
done modeling do not carry through all the steps in the modeling cycle on their own (Ortiz & 
Dos Santos, 2011). Because of this, it was necessary for me to design a lesson that would embed 
the steps in the modeling cycle into the task, in order to encourage students to do "true" 
mathematical modeling (Tran & Dougherty, 2014). Some research has suggested teaching the 
modeling cycle to students in order to encourage them to use it when they need assistance (e.g. 
the four step Solution Plan described by Blum, 2011). However, I wanted to keep the lesson as 
embedded in the experience of playing the role of business entrepreneur as possible. I chose to 
focus on immersing students in the context because researchers have found possible positive 
outcomes of role-playing in mathematics education (Resnick & Wilenski, 1997). Finally, I 
needed to teach the lesson in two days of two fifty-minute class periods each. Time constraints 
made it so that teaching both the modeling cycle and the modeling lesson was not feasible. 
Because the challenge of time is one that teachers have named as a detriment to mathematical 
modeling (Girnat & Eichler, 2011), I chose to embed the modeling cycle into the lesson as a 
possible way to allow more time for students to do modeling. 
 When I designed the lesson, I first chose a context that I thought would be interesting and 
relevant to students, because of the importance of a relevant context to student learning (Cordova 
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& Lepper, 1996; Schiefele & Csikszentmihalyi, 1995). In my experience teaching at other 
schools, I had seen many students listening to music and watching music videos streaming from 
the Internet. Through conversations, many students had also told me that they wanted to be 
musicians themselves in the future. Through this experience, I chose the context of modeling 
within the music industry. As I considered what the specific modeling problem should be, I 
believed that many of my students who wanted to be musicians had unrealistic expectations of 
how much money most musicians earn through Internet music sales and would have their sense 
of unjustness provoked by the situation. In order to take advantage of this possible student 
motivation, I created the task of asking students to create their own Internet music business in 
order to solve a problem they identified in the current Internet music industry. 
 In order to design a lesson that would implicitly lead students through the full modeling 
process and allow me to address potential difficulties with each step of modeling, I began 
designing the lesson by referring to the steps in Blum and Leiss’ (2007) modeling cycle: 
constructing, simplifying/structuring, mathematizing, working mathematically, interpreting, 
validating, and exposing. I first chose that the solution to the problem would require students to 
create multiple representations of a function that would demonstrate to any artist how much they 
would be paid for a certain amount of music sold, using a payment plan created by the students. I 
hypothesized that completing this part of the problem would provoke the students to 
mathematize by requiring them to create numerical values to represent payment to the artist, and 
then to work mathematically by using those values to construct an equation, table, and / or graph 
to represent their model. In order to provoke students to complete the remaining steps in the 
modeling cycle, I then designed parts of the lesson in order to provoke each step of the cycle. In 
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the next section, I will describe the procedures of the lesson in the next section and how they 
were intended to provoke each step of mathematical modeling. 
The Lesson Plan 
 In this section, I will describe the parts in the modeling lesson that I designed. For each 
part, I will describe the procedures for completing the part. Then, I will describe the purpose of 
each part, including which step in the modeling cycle the part was intended to provoke, and how 
it was intended to do so. The lesson plan I followed can be found in Appendix A. All of the 
materials given to the students are in Appendix B. Table 2 shows a summary of the parts of the 
lesson. 
 
 
Table 2 
Parts of the modeling lesson and corresponding problems 
Part Problem 
number 
Description of the problem 
Internet music business 
analysis 
1 Analyze existing internet music businesses 
Mission Statement 2 Understand mission statements and create a 
mission statement for your business. 
Create Your Own Internet 
Music Business 
3 Give a name and logo for your business. 
4 Explain the principles on which the company's 
business plan is founded, and why the company 
will be a successful music business. 
5 Provide a mathematical representation of their 
artist payment plan where the artist can determine 
how much money they would make for different 
amounts of downloads / plays or sales. 
6 Demonstrate the profit an artist would expect to 
make as a small independent artist, a popular 
genre artist (like a popular rap artist), and a top 10 
overall artist. 
7 Explain why these figures match with the 
principles of the company. 
8 Make a poster or a brochure. 
Present your business to the 
class 
9 Present your poster or brochure to the class and 
explain the details of your company. 
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 Overall, the goal of the lesson was to provide students the opportunity to model using the 
functions-based approach to algebra I described in the literature review. A functions-based 
approach to algebra focuses on studying the relationship between input and output variables. 
This includes understanding variables as changing quantities, creating multiple representations of 
functions, and connecting mathematics to the real world (Chazan, 2000). The main mathematical 
goal of the modeling lesson was to create values for a model to represent how artists would be 
paid through students' companies, and build mathematical representations of that payment plan 
where an artist could determine their profit for any number of songs or albums bought or played. 
By representing all possible song or album amounts as inputs and all possible payouts as outputs, 
students represented variables as changing quantities in the Internet music business lesson. By 
representing the payment plan mathematically, students had the opportunity to create multiple 
representations of functions. Finally, because students were creating a company that could 
actually exist, they were connecting the mathematics to the real world. I chose to create a lesson 
that followed a functions-based approach to algebra because I expected that it would provoke 
algebraic reasoning due to the similarities between the functions-based approach and the 
components of conceptual understanding of algebra. 
 Prior to beginning the modeling lesson, I planned a launch that was intended to introduce 
the context and discuss the idea of Internet music businesses. This launch focused on the first 
critical feature of launching complex tasks according to Jackson et al. (2012), the importance of 
the context. First, students examined a table of information about how much money musicians 
make from different Internet music businesses. One piece of information included in the table 
was how many songs an artist would need to sell through each particular company per month in 
order to earn minimum wage. The procedure for this part was that students would examine the 
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chart and discuss, as a whole class, what the chart was about and what they found interesting 
about it. This part occurred prior to introducing the modeling problem, and thus was not intended 
to provoke a step in the modeling cycle. The goal of this part was to immerse the students in the 
context of music businesses by provoking a sense of unjustness in the current industry and 
motivating their desire to find a solution. 
 Following the launch, I introduced the problem to students that they would be required to 
create an Internet music business of their own. In order to do so, the students first completed an 
analysis of existing Internet music businesses. In this part, the students chose three of five 
existing music businesses to analyze and received a brochure for each company with a 
description of the business, as well as details about the payment plan for each business. Each 
group prepared a report about the three companies they analyzed, which included what type of 
business the company was, who the company was trying to appeal to, and what the artist 
payment plan was for the company. I designed this part to provoke the constructing step of the 
modeling cycle by requiring students to develop an understanding of what an artist payment plan 
for a music business could consist of, as well as to understand the aspects of an Internet music 
business they would have to consider. For example, students could construct the understanding 
that they could pay artists per song, per album, or per play. Additionally, I chose the companies 
specifically in order to expose students to different types of mathematical models. Three of the 
companies paid the artist per song, while another required a start-up fee, and the fifth paid artists 
using a piecewise function. This could provoke students to construct by examining the different 
types of models they could build. 
 Following their analysis of existing Internet music businesses, the students were assigned 
the task of creating a mission statement for their own company. In this part, the students first 
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examined and discussed four mission statements for existing businesses. Then, they chose and 
wrote a mission statement for their own company. This part was designed to provoke students to 
simplify / structure their model. In this part, the students had the opportunity to specify which 
aspects of the situation they would focus on with their model by choosing who they wanted their 
business to benefit. In addition, students could choose the variables for their model by describing 
if they were going to focus on song sales, album sales, or another method of payment to the 
artist. 
 After the mission statement part, the students began to create their businesses. The 
students received a page with the details of what was required from their business plan. To 
complete the business plan, each group was required to create a poster or brochure that described 
the name and logo of the business, the principles on which the business was founded, 
mathematical representations of the how the business would pay the artists, calculations of how 
much would be paid to the artist for three different sales amounts, and an explanation of how the 
payment to the artist. The problem of creating a name and a logo was not intended to provoke a 
step in the modeling cycle, but instead to allow students to be creative with the context. In 
addition, I expected students to explain the principles on which the business was founded by 
describing the mission statement for their company that they had already created. However, the 
final three problems in this part were intended to provoke steps in the modeling cycle. I will now 
describe those three parts of the part. 
 In order to provide a mathematical representation of their artist payment plan, the 
students were required to decide on the values they would use to pay artists, and then to create 
mathematical representations using those values, such that an artist could calculate how much 
they would be paid for any amount of sales. This problem was intended to provoke 
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mathematizing and working mathematically. Students could mathematize by deciding on the 
mathematical values they would to use to pay artists in order to accomplish their goal as a 
business, moving from the context to mathematics. Then, students could work mathematically by 
using those values to create representations including an equation, table or graph that would 
represent their payment model. Working mathematically in this step would also include any 
mathematical calculations that the group did in order to find values for their model. 
 After the groups created representations for their payment plan, the final two problems of 
this part asked the students to calculate the amount of profit different tiers of artists would make 
from their business. The students discussed, as a class, how many songs they thought an artist 
with a small, medium, or large fan base would sell in a month. The students were expected to 
input these values into their model in order to calculate how much money each of those artists 
would earn. Then, they were asked to explain how those amounts matched with the goals of their 
business. I intended for these problems to provoke interpreting and validating. Students would 
interpret by evaluating their function for the number of songs sold for each artist and explaining 
the meaning of their solution in context. Students would validate by explaining how those 
solutions matched with the original goal of the company, demonstrating how their mathematical 
model was a valid solution to the problem. 
 The final parts of creating an Internet music business were for each group to make a 
poster or brochure and present a "sales pitch" for their company to the class. One purpose for this 
activity was to serve the context of the students placing themselves in the role of entrepreneurs 
creating a business. The students were told that the goal of their presentation was to convince 
investors, artists, producers, and customers to choose their company. In terms of the modeling 
cycle, I did not intend for the creation of the poster or brochure to specifically address a step in 
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the modeling cycle; however, I hypothesized that the creation of the poster or brochure could 
present another opportunity for the students to validate their final model by discussing it one 
more time. In addition, the visual was intended to support the students' presentations, where they 
exposed their solutions by presenting their model and explaining the details of their business to 
the class. 
Data Collection 
 In order to study mathematical modeling in Algebra I, I taught a modeling lesson to four 
Algebra I classrooms. The classes were located in an ethnically diverse public high school in a 
Midwestern urban community. The high school had 60% low-income students. Two Algebra I 
teachers, Mr. Lincoln and Mr. Taylor, participated in the study and allowed me to teach the 
lesson to their Algebra I students. The four classes were Mr. Lincoln's 2nd and 8th hour classes, 
and Mr. Taylor's 3rd and 5th hour classes. All four classes were non-honors Algebra I. The 
classes were taught on a block schedule with two consecutive 50-minute periods of Algebra I per 
day. I taught the lesson during students' typical Algebra I instructional time, and led all direct 
instruction during the lesson. All four classes also had a special education co-teacher that 
circulated around the classroom and provided assistance to students. All students participated in 
the lesson as they would on a typical school day. I taught this lesson during the school day in 
order to examine students' modeling in Algebra I in circumstances as close to typical instruction 
as possible. The lesson took two days to complete. During the lesson, students worked in groups 
because I anticipated students' actions would be more explicit if they were talking and working 
collaboratively. Mr. Lincoln and Mr. Taylor placed the students in groups of two, three, or four.  
 The selection criteria for analysis was to choose groups where all students in the group 
assented and had parent consent to be audio and video taped for the study. I chose these selection 
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criteria because of the collaborative nature of the study, in order to examine the modeling 
behavior of groups of students rather than individuals. In total, there were three groups that met 
the selection criteria. Two groups, which I will call Groups 1 and 2, were in Mr. Lincoln's 2nd 
hour, and the third group, which I will call Group 3, was in Mr. Lincoln's 8th hour. For all three 
groups, there were two teachers: a special education co-teacher, Ms. Matthews, and myself. 
Table 3 shows the names of the students in each group. All names of students and teachers other 
than myself are pseudonyms. In addition, because of the dual role I had in the study as researcher 
and teacher, I refer to myself in the third person as "Mr. Deal" in the transcript and when 
describing my interactions with the students in the results. This is consistent with Lee (2002), 
who described referring to the self as a teacher in the third person as a way to distinguish the fact 
that, as the teacher of the lesson interacting with the students, I was not thinking from a research 
perspective. For each group that I analyzed, I audio and video recorded all of their work on the 
lesson, as well as their presentation.  
Teaching the Modeling Lesson 
 In this section, I will describe how I implemented the lesson procedures in the two classes 
I analyzed. Tables 4 shows the phases of the lesson for each class period, as well as how much 
time the groups spent on each phase. 
Table 3 
Students in each group selected for analysis 
Group no. Teacher Class period Students 
1 Mr. Lincoln 2nd hour Allie 
   Kalvin 
   Lexi 
2 Mr. Lincoln 2nd hour Destiny 
   Larissa 
   Marissa 
3 Mr. Lincoln 8th hour Greg 
   Jeremy 
   Paul 
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 I began the lesson by passing out the launch activity for students to examine. As a class, 
we discussed what students noticed about the chart and described what the different portions of 
the chart represented. In both classes, this activity lasted for approximately twelve minutes. 
Following the launch activity, in Class I, I briefly described instructions for the entire project. 
Then, I introduced and assigned the Internet music business analysis, problem 1. Because this led 
to the students showing confusion about whether or not to work on the project or the analysis, in 
Class II I chose to wait and introduce the details of the project until later in the lesson. In both 
classes, the students had about twenty minutes to work on the analysis before I led a whole-class 
discussion summarizing the companies' payment plans together. Then, I handed out the 
Table 4 
Enactment of the lesson in each class period 
Day 2nd period task 
Duration 
(min) 8th period task 
Duration 
(min) 
1 Launch activity 12 Launch activity 12 
 Mr. Deal introduces the 
project 
10 Students analyze music 
businesses 
20 
 Students analyze music 
businesses 
27 Mr. Deal discusses the 
businesses and introduces the 
project 
14 
 Mr. Deal discusses the 
businesses 
8 Create a mission statement 14 
 Students create mission 
statements 
6 Mr. Deal describes the project 4 
 Mr. Deal discusses the 
mission statements 
7 Students begin designing their 
company 
25 
 Students begin designing their 
company 
25   
2 Mr. Deal provides Day 2 
instructions 
10 Students design their company 7 
 Students finish designing their 
company 
50 Mr. Deal provides Day 2 
instructions 
3 
   Students finish designing their 
company 
50 
 Students present their 
companies 
40 Students present their 
companies 
40 
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instruction and sample page for the mission statement activity, problem 2. After I briefly 
discussed what was required of the students in this activity, the students worked on 
understanding the mission statements and creating their own. In Class I, the students were given 
the rest of the class period to write their mission statement and begin creating their business. In 
Class II, the students spent approximately 15 minutes working on their mission statements before 
I facilitated a whole-class discussion to introduce what the students were required to do for the 
rest of the project. In both classes, after completing the mission statement activity, the students 
spent approximately twenty-five minutes working on problems 3 through 8. These problems 
involved the groups beginning to create their music business. This concluded the procedures for 
Day 1 of the lesson. 
 On Day 2, I began the class with a launch that took approximately ten minutes. During 
the launch, I reiterated what was required for students to complete the project. In addition, I 
facilitated a discussion about the difference between an artist that was considered to be "small," 
"medium," or "worldwide," in popularity. In Class I, the students decided on using values of 
1,000, 25,000, and 1,000,000 songs sold per month respectively, and in Class II the students 
agreed with and also used these values. In both classes, I gave the groups approximately fifty 
minutes to complete building their Internet music business and make their poster or brochure, 
problems 3 through 8. After the students finished creating their companies, the groups presented 
their businesses. In order to structure student participation during the presentations, I asked each 
student to choose a role and review each business by writing a reason they would want to work 
with the company as well as something that might concern them. The group presentations lasted 
approximately three minutes each, and they lasted until the conclusion of the lesson. 
 
 58 
Data Analysis 
Transcription Conventions 
 To analyze students' work, I combined the audio and video recording into one recording, 
and used the recording to prepare a transcript for each group. In the transcript, I classified each 
comment a student made as a turn. I recorded a new turn each time the speaker changed. After I 
defined the segments of the lesson, I labeled the first turn of each segment as turn 1, numbering 
each subsequent turn sequentially until the segment concluded. When a student paused mid-turn, 
I used ellipses. When a student communicated non-verbally, I used brackets. When a student 
changed topic mid-sentence, I used an em dash. In the reporting of the results, each time I 
inserted a portion of the transcript, I did so using a table. If a students' comment was unclear, I 
added additional clarifying words in brackets. 
Unit of Analysis 
 In order to define the unit of analysis, I did an analysis of the lesson to determine what 
students needed to do to complete each problem, and divided each problem into sub-problems 
based on the analysis. A summary of the problems and sub-problems from the analysis is given 
in Table 5. 
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 To define the segments in the lesson, I watched the video and followed the transcript of 
the students working on the problem, and coded the transcript for which problem the group was 
Table 5 
Problems and sub-problems in the modeling lesson 
Problem 
number 
Description of the problem Sub-
problem 
letter 
Description of the sub-problem 
1 Internet Music Business analysis a Choose businesses to analyze. 
  b Identify and report on the details of the 
businesses. 
2 Mission Statement a Read and discuss the mission statements 
provided. 
  b Create a mission statement for your 
company. 
3 Give a name and logo for your 
business. 
a Give a name and logo for your business. 
4 Explain the principles on which 
the company's business plan is 
founded, and why the company 
will be a successful music 
business. 
a Explain the principles on which the 
company's business plan is founded, and 
why the company will be a successful 
music business. 
5 Provide a mathematical 
representation of their artist 
payment plan where the artist can 
determine how much money they 
would make for different amounts 
of downloads / plays or sales. 
a Decide on values used to pay artists. 
  b Choose representations to represent the 
payment plan. 
  c Create an equation for the payment plan. 
  d Create a table for the payment plan. 
  e Create a graph for the payment plan. 
6 Demonstrate the profit an artist 
would expect to make as a small 
independent artist, a popular genre 
artist (like a popular rap artist), 
and a top 10 overall artist. 
a Demonstrate the profit an artist would 
expect to make as a small independent 
artist, a popular genre artist (like a popular 
rap artist), and a top 10 overall artist. 
7 Explain why these figures match 
with the principles of the 
company. 
a Explain why these figures match with the 
principles of the company. 
8 Make the poster or brochure. a Make the poster or brochure. 
9 Presentation a Present your business model to the class 
with a poster or brochure. 
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focused on at each point in the lesson. Because I was investigating how students worked on the 
lesson, I coded separately for whether Mr. Deal was launching or summarizing a problem as a 
whole class. Additionally, I coded for whether or not Mr. Deal or Ms. Matthews was present at 
the group during each turn in the transcript. The final unit of analysis was defined by each shift 
in what problem the group was working on, as well as whether the teacher was assisting the 
group or not. To check reliability of the segments, I selected a random ten-minute segment from 
each group, each day of the lesson, similar to Mesa and Chang's (2010) use of five-minute 
segments. I used 10-minute segments because of the length of each class period, in order to 
check approximately 20% of the data. A colleague coded for the unit of analysis following the 
template I created, and the initial coding achieved 70% reliability. We discussed differences in 
the coding and reached consensus, after which I completed a second coding of the segments. 
Identifying Modeling 
 In order to identify how students modeled during the lesson, I began with the work of Sol 
et al. (2011), where they described observable actions in students' written work that would show 
evidence of modeling. Because I am studying students' evidence of modeling in groups, rather 
than in their individual written work, I adapted the observable actions so that they would be 
identifiable in students' conversation or actions while completing the Internet music business 
lesson. For example, Sol, et al. (2011) considered students to be constructing if they could be 
observed to "understand and recognize a mathematically manageable problem" (p. 233). Because 
one aspect the students needed to recognize for their Internet music business was the possible 
functions that could represent an artist payment plan, I considered students to show that they 
understood the mathematical problem of what they needed to create by describing possible 
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structures they could use to create their model. I created the list of codes similarly for each of the 
remaining observable actions. 
 After creating an initial list of codes, I completed a preliminary examination of the video, 
in order to identify possible demonstrations of modeling that I had not anticipated. I then refined 
the list of codes based on the evidence I saw in the initial viewing. Then, I analyzed the video 
and transcript a second time, using the refined codes to determine what evidence of modeling the 
students showed in each segment of the transcript. A member of the research team checked six 
ten-minute segments of the data for reliability. The initial check resulted in 71% reliability 
overall, and 46% reliability in only segments with modeling. After meeting and discussing 
differences in coding, I revised the results accordingly. Then, the same member of the research 
team did a second reliability check on a new piece of the data. The results of the second 
reliability check were 79% reliability overall, and 62% in segments with modeling. We again 
discussed differences in coding, and I revised the results a final time. A final list of steps in the 
modeling cycle and the corresponding observable modeling actions can be found in Table 6.  
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Table 6 
Adapted list of observable modeling actions in students' collaborative work 
Step in Blum and Leiss' (2007) 
modeling cycle 
Sol, Giménez and Rosich's 
(2011) observable actions in 
students’ written work 
Observable actions used in this 
study 
Constructing Understand and recognize a 
mathematically manageable 
problem. 
1. Describe possible structures 
for creating a model. 
  2. Discuss details of what is 
required for a complete solution. 
Simplifying / structuring Simplify and structure. 
Recognize restrictions and 
specifications. Make decisions 
about a statement. 
3. Specify details about what is 
important in the model to be 
created, not including 
mathematical values. 
Mathematizing Identify objects and relevant 
relationships. 
4. Create the numerical values 
that will define the payment 
model. 
 Choose relevant variables, 
distinguishing from others 
5. Discuss what variables in the 
situation will be used to create a 
mathematical representation. 
 State assumptions. Recognize 
the mathematical background 
that is needed. 
6. Discuss how to represent the 
mathematical parameters. 
 Explain relationships between 
real objects and mathematical 
knowledge. 
7. Explain what the components 
of the mathematical 
representation represent in the 
real situation. 
 Check the coherence in the set of 
assumptions and mathematical 
relationships according to the 
real situation. 
8. Check the coherence in the set 
of assumptions and 
mathematical relationships 
according to the real situation. 
Working mathematically State the relationship among 
variables using mathematical 
language. 
9. Describe the relationship 
between parameters in the 
mathematical model and 
components of the mathematical 
representation.  
 Formulate hypotheses 
mathematically. 
10. Make a prediction about the 
results of a mathematical 
process. 
 Formulate problems and/or sub-
problems in a mathematical way. 
11. Describe what mathematical 
work needs to be done to find a 
solution. 
 Problem-solving processes 
involved in finding the solution. 
12. Use mathematical 
parameters to build an equation, 
table, or graph representing the 
model. 
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Identifying Algebra Reasoning 
 While templates for coding observable actions of modeling have been developed, there 
was no similar existing template to identify algebraic reasoning. I chose to develop this template 
by operationalizing the key elements of algebraic reasoning as a coding scheme to examine video 
of the groups working on the lesson. Before teaching the lesson, I examined each key element of 
algebraic reasoning (NCTM, 2010), and hypothesized observable actions students could perform 
that would demonstrate each key element. I used the descriptions of the key elements from 
NCTM to guide my operations. For example, meaningful use of symbols is described as 
Table 6 Cont.   
Step in Blum and Leiss' (2007) 
modeling cycle 
Sol, Giménez and Rosich's 
(2011) observable actions in 
students’ written work 
Observable actions used in this 
study 
Working mathematically  13. Carry out mathematical 
procedures to find values for the 
solution. 
  14. Carry out mathematical 
procedures to find parameters 
for an equation. 
Interpreting Find and interpret solutions 
mathematically in the model 
used. 
15. Find and interpret solutions 
mathematically in the model 
used. 
Validating Recognise the meaning and 
extent of the solutions and 
conclusions in the real situation. 
Pupils can also state the model. 
16. Explain the meaning of the 
representation created in terms 
of the payment plan. 
 Validate the model itself. 
Change the model if necessary. 
17. Verify that the model is 
accurate. 
  18. Modify the model to try to 
more closely align to the desired 
results. 
 Promote reflection about results. 19. Comment on whether or not 
the values found fit with the 
desired results. 
Exposing Communicate the process and 
results when the model is valid. 
20. Communicate the process 
and results when the model is 
valid. 
No modeling  21. No modeling 
 64 
"Choosing variables and constructing expressions and equations in context; interpreting the form 
of expressions and equations; manipulating expressions so that interesting interpretations can be 
made" (NCTM, 2010, p. 2). I hypothesized that, when examining the video, students were 
meaningfully using symbols if they verbally discussed what a variable should be, explaining in 
terms of the context; verbally discussed a possible function, and explained in terms of the 
context; pointed to an important written aspect of the context of the problem when proposing or 
explaining a variable or expression; or verbally described the need to manipulate an expression 
to a different form in order to find information about the context. I then hypothesized similar 
operations for the remaining seven key elements. 
 After teaching the lesson, I completed a preliminary examination of the video in the same 
manner as I did with the modeling coding, in order to identify possible demonstrations of 
algebraic reasoning that I had not anticipated. I added these operations to the coding scheme 
before a second examination of the video for final analysis. The same colleague checked six ten-
minute segments for reliability. I checked the data for reliability of agreement whether a segment 
contained algebraic reasoning, as well as agreement of what type of reasoning occurred in the 
segment. The initial reliability check resulted in 61% agreement of whether there was algebraic 
reasoning, and 10% agreement as to the type of reasoning. The second coder and I met to discuss 
differences in coding, and the results were revised. A second reliability check resulted in 94% 
agreement of whether there was algebraic reasoning in the segment, but 0% reliability as to the 
type of reasoning. Despite the challenges achieving reliability, I chose to use this coding scheme 
to analyze the groups. I chose to use the coding scheme due to the reliability with the binary 
coding. In addition, because a similar coding scheme for identifying algebraic reasoning does not 
exist, it is my hope that this study will be a beginning step towards developing a method to do so. 
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In the concluding chapter, I will hypothesize reasons for the issues with reliability and make 
suggestions for future work in this area. The final list of algebraic reasoning codes can be found 
in Table 7. 
Table 7 
List of key elements of algebraic reasoning and corresponding observable actions 
NCTM (2010) key element 
of Algebraic reasoning 
Observable action demonstrating the key element of Algebraic 
reasoning 
Meaningful use of symbols 1. Verbally discuss what a variable should be in terms of the context. 
 2. Verbally discuss a possible function, using the context in the 
description. 
 3. Point to an important written aspect of the context of the problem 
when proposing or explaining a variable or expression. 
 4. Verbally describe the need to manipulate an expression to a different 
form in order to find information about the context. 
Mindful manipulation 5. Justify the manipulation of a function using an arithmetic property. 
 6. Verbally make a prediction about the results of manipulating a 
function. 
 7. Verbally provide a justification, using the context, for why they are 
choosing a certain procedure. 
 8. Gesturing or visibly appear to be thinking through a calculation 
before performing it. 
Reasoned solving 9. Verbal discussion of connections between steps in evaluating an 
expression or solving an equation by explaining with equality as a 
justification. 
 10. Verbal discussion of what a solution means in terms of the context. 
Connecting algebra with 
geometry 
11. Verbal discussion of a connection to a geometric idea as a 
justification for building a function. 
 12. Verbal discussion of using a geometric model to manipulate an 
algebraic expression. 
 13. Verbal discussion of how an algebraic expression could represent a 
geometric model. 
 14. Point to aspects of a geometric model and describe their algebraic 
representation. 
 15. Draw a geometric model on their paper for representing or 
manipulating an algebraic expression. 
Linking expressions and 
functions 
16. Verbal discussion of the creation of multiple algebraic 
representations of the same function. 
 17. Two or more algebraic representations of the same function are 
visible on students' work, and students discuss the representations. 
 18. Verbal discussion of how to write an expression using function 
notation. 
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Applying the Coding Scheme 
 In order to answer the research questions, I first analyzed the video and transcript to 
divide each group's work into segments based on the problem students were working on and the 
role of the teacher. Then, for each segment, I analyzed the video and transcript to identify any 
observable actions of modeling and algebraic reasoning that were present. In some segments, 
there were observable actions for multiple steps in the modeling cycle or multiple key elements 
of algebraic reasoning. In these cases, the segment was considered to have both steps in the 
modeling cycle or both key elements of algebraic reasoning. I then aggregated tables 
Table 7 Cont.  
NCTM (2010) key element 
of Algebraic reasoning 
Observable action demonstrating the key element of Algebraic 
reasoning 
Using multiple 
representations of functions 
19. Two or more of a table, graph, equation, diagram, physical model 
or picture representing the same situation are visible on students' desks. 
 20. Verbal discussion of the creation of a new representation of a 
function based off an already-created representation. 
 21. Verbal discussion about which model is most useful for a particular 
aspect of the modeling problem. 
 22. Students are visibly seen shifting their attention from one 
representation to another when appropriate in the problem. 
 23. Pointing to a particular appropriate representation when deciding 
how to go about solving. 
 24. Students describe working on multiple representations of the 
problem. 
Modeling by using families 
of functions 
25. Verbal discussion of what type of function to build, connecting 
aspects of the context to the behavior of the function family as 
justification. 
 26. Pointing to a tabular, visual, or written description of the desired 
model and explaining what type of function to choose based on that 
aspect of the model. 
 27. Verbal discussion of the connection between aspects of the context 
and components of a function family that is modeling the situation. 
Analyzing the effects of 
parameters 
28. Verbally explaining how changing a parameter in an equation will 
affect the output values of the function. 
 29. Verbally describing the need to manipulate an expression in order 
to find certain parameters in the problem. 
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demonstrating which step in the modeling cycle each group used in each segment, how many 
segments each group used each step of modeling and each observable action of algebraic 
reasoning, and what key elements of algebraic reasoning students were using in each step of the 
modeling cycle. In the next chapter, I will use this data to analyze the results for each research 
question. 
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CHAPTER 5: RESULTS 
How Students Mathematically Modeled in the Lesson 
 In order to answer the first research question, how do students engage in mathematical 
modeling in an Algebra I class, I first aggregated all modeling actions demonstrated by the group 
into tables that demonstrate the modeling route followed by each group. In each table, I listed the 
segments of the group's work on the lesson sequentially, along with the problem the group was 
working on during that segment. In addition, because the teacher assisted the groups at various 
points throughout the lesson, which could have affected the course of the students’ modeling 
route, I listed whether or not the teacher interacted with the group during that step of the 
modeling cycle. Then, I listed what step or steps in the modeling cycle the group worked on 
during that segment. I also created a table showing the modeling route in the task as designed. 
This can be found in Table 8. Some parts of problems in the lesson were not intended to elicit 
specific steps in the modeling cycle. However, these steps, such as naming the business and 
creating the poster, were important to immerse students in the context, as stated in the design of 
the lesson. In this section, I will first analyze the nature of the modeling route of each group 
compared to the modeling route from the task as designed. Then, I will examine the nature of the 
modeling demonstrated by all groups combined through a description of where in the lesson each 
step of the modeling cycle was demonstrated. Figure 2 is a diagram that represents the modeling 
route taken by each group.  
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Table 8 
Modeling route of the task as designed 
Problem # Description of the problem Anticipated step in the modeling cycle 
1a Choose businesses to analyze. No modeling 
1b Identify and report on the details of the businesses. Constructing 
2a Read and discuss the mission statements provided. Constructing 
2b Create a mission statement for your company. Simplifying / structuring 
3a Give a name and logo for your business. No modeling 
4a 
Explain the principles on which the 
company's business plan is founded, and 
why the company will be a successful 
music business. 
Simplifying / structuring 
5a Decide on values used to pay artists. Mathematizing 
5b Choose representations to represent the payment plan. Mathematizing 
5c Create an equation for the payment plan. Working mathematically 
5d Create a table for the payment plan. Working mathematically 
5e Create a graph for the payment plan. Working mathematically 
6a 
Demonstrate the profit artists would 
expect to make from the company given 
sales amounts.  
Interpreting 
7a Explain why these figures match with the principles of the company. Validating 
8a Make the poster or brochure. No modeling 
9a Present your business model to the class with a poster or brochure. Exposing 
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Figure 2. G
roup m
odeling routes. 
N
ote: For each group, the rectangles describe the m
ain focus of the group's w
ork during the lesson. The arrow
s betw
een rectangles 
describe the order students w
orked through the lesson. The ovals represent the steps in the m
odeling cycle the group used w
hile 
w
orking on each problem
. The arrow
s betw
een ovals describe the order students m
odeled during that part of the lesson. A
 num
ber 
betw
een arrow
s represents how
 m
any tim
es the group alternated betw
een those steps in the m
odeling cycle at that tim
e. 
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Group 1's Modeling Route  
 The modeling route followed by Group 1 is shown in Table 9. A diagram representing 
Group 1's modeling route is shown in Figure 2. I will begin with an overview of Group 1’s work 
on the problem. Then, I will describe some of the characteristics of their modeling route, 
compared to the modeling route of the task as designed.  
Table 9 
Group 1's modeling route 
Segment 
number Problem 
Was the 
teacher 
present? 
Step in the 
modeling cycle 
1 1.a Choose businesses to analyze. No No modeling 
2 3.a Give a name and logo for your business. No No modeling 
3 1.b Identify and report on the details of the businesses. Yes No modeling 
4 1.b Identify and report on the details of the businesses. No Constructing 
5 1.b Identify and report on the details of the businesses. Yes Constructing 
6 1.b Identify and report on the details of the businesses. No Constructing 
7 1.b Identify and report on the details of the businesses. Yes No modeling 
8 1.b Identify and report on the details of the businesses. No No modeling 
9 Whole-class summary of problem 1.b Yes No modeling 
10 Whole-class launch of problem 2 Yes No modeling 
11 2.a Read and discuss the mission statements provided. No No modeling 
12 2.a Read and discuss the mission statements provided. Yes No modeling 
13 Whole-class summary of problem 2b Yes No modeling 
14 Whole-class launch of problems 3 - 9 Yes No modeling 
15 2.b Create a mission statement for your company. Yes No modeling 
16 2.b Create a mission statement for your company. No No modeling 
17 2.b Create a mission statement for your company. Yes Constructing 
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Table 9 Continued 
Segment 
number Problem 
Was the 
teacher 
present? 
Step in the 
modeling cycle 
18 
4.a Explain the principles on which the 
company's business plan is founded, and why 
the company will be a successful music 
business. 
No No modeling 
19 5.a Decide on values used to pay artists. No Mathematizing 
19 5.a Decide on values used to pay artists. No Simplifying / structuring 
20 5.a Decide on values used to pay artists. Yes Simplifying / structuring 
20 5.a Decide on values used to pay artists. Yes Mathematizing 
21 5.a Decide on values used to pay artists. No Mathematizing 
22 8.a Make the poster or brochure. No No modeling 
23 5.a Decide on values used to pay artists. No Mathematizing 
24 8.a Make the poster or brochure. No No modeling 
25 5.a Decide on values used to pay artists. No Simplifying / structuring 
26 8.a Make the poster or brochure. No No modeling 
27 5.a Decide on values used to pay artists. No Mathematizing 
28 2.b Create a mission statement for your company. No No modeling 
29 5.b Choose representations to represent the payment plan. No No modeling 
30 
6.a Demonstrate the profit artists would expect 
to make from the company given sales 
amounts. 
No No modeling 
31 Whole-class summary of Day 1. Yes No modeling 
32 Whole-class launch of Day 2. Yes No modeling 
33 5.a Decide on values used to pay artists. Yes Mathematizing 
33 5.a Decide on values used to pay artists. Yes Simplifying / structuring 
34 5.b Choose representations to represent the payment plan. Yes Mathematizing 
35 5.a Decide on values used to pay artists. No Mathematizing 
36 8.a Make the poster or brochure. No No modeling 
37 5.c Create an equation for the payment plan. No Working mathematically 
37 5.c Create an equation for the payment plan. No Mathematizing 
38 5.a Decide on values used to pay artists. No Interpreting 
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 Group 1 did not show evidence of modeling in the first three segments of their work on 
the lesson. They began working on problem 1a, choosing which businesses to analyze, before 
deciding on what they wanted the name of their business to be. Then, Ms. Matthews arrived at 
the group and asked them which companies they preferred. Because of her question, the group 
began working on problem 1b, identifying and reporting on the details of their businesses. In this 
Table 9 Continued 
Segment 
number Problem 
Was the 
teacher 
present? 
Step in the 
modeling cycle 
39 5.c Create an equation for the payment plan. No Working mathematically 
39 5.c Create an equation for the payment plan. No Interpreting 
40 8.a Make the poster or brochure. No No modeling 
41 5.e Create a graph for the payment plan. No Mathematizing 
42 5.b Choose representations to represent the payment plan. No Mathematizing 
43 5.e Create a graph for the payment plan. No Working mathematically 
44 8.a Make the poster or brochure. No No modeling 
45 5.e Create a graph for the payment plan. No Working mathematically 
45 5.e Create a graph for the payment plan. No Validating 
46 5.a Decide on values used to pay artists. No Simplifying / structuring 
46 5.a Decide on values used to pay artists. No Mathematizing 
47 5.c Create an equation for the payment plan. No Working mathematically 
47 5.c Create an equation for the payment plan. No Mathematizing 
48 8.a Make the poster or brochure. Yes No modeling 
49 5.c Create an equation for the payment plan. No Working mathematically 
50 
6.a Demonstrate the profit artists would expect 
to make from the company given sales 
amounts. 
Yes Working mathematically 
51 
6.a Demonstrate the profit artists would expect 
to make from the company given sales 
amounts. 
No Interpreting 
52 8.a Make the poster or brochure. No No modeling 
53 Whole-class launch of problem 9. Yes No modeling 
54 9.a Present your business to the class. Yes Exposing 
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segment, the teacher did not provide any help to the students about their modeling work; the 
nature of the discussion was to clarify directions.  
 Group 1 showed evidence of modeling for the first time in segment 4. In this segment, 
they constructed while working on problem 1b. While describing the payment models of existing 
music businesses, the group described possibilities of what mathematical payment models could 
look like. For example, when describing Google Play, Allie explained the following: 
Okay. So, it’s like, for each download, you get 70 cents, and um, yeah, and, um, a 
download of an album will be 70 cents times the number of tracks. So basically it’s 
saying if you–You sell your album. You put your album on Google Play and say, like, 
you got 23 tracks on there, you get–It’s like 70 cents times that. That’s how much money 
you get back.  
The group also showed evidence of constructing in segments 5 and 6, while still working on 
problem 1b. During segment 5, Ms. Matthews worked with the group and provides some 
information about payment models, but does not steer the direction of the group. 
 In segments 7 through 16, Group 1 did not show evidence of modeling. In segments 7 
and 8, the group continued to work on problem 1b, but the conversation focused on the directions 
of the problem. Then, Mr. Deal facilitated a whole class discussion in segments 9 and 10, 
summarizing problem 1 and launching problem 2, where the students created a mission statement 
for their company. In segments 15 and 16, Group 1 began to work on creating their mission 
statement. In segment 15, the group clarified directions with Mr. Deal, and in segment 16 the 
group discussed what they had to do to make a mission statement, neither of which included any 
advancement of the group's model. 
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 In segment 17, Group 1 constructed again while creating their mission statement. When 
Ms. Matthews asked the group what their mission was going to be, she asked how much they 
thought the artist should be paid per song. The group responded by discussing Google Play's 
payment model, which was that they charged $1.29 to buy a song and $9 for an album. This 
demonstrated constructing because the group described an example of a payment model for a 
music business.  
 After constructing in segment 17, the group examined the directions to the problem and 
discussed what they needed to do for problem 4a. However, they did not work on that problem, 
and began to work on problem 5a, deciding on the values they would use to pay artists, in 
segments 19 through 27. During their work in these segments, the group alternated between 
mathematizing and simplifying / structuring five times. The group mathematized in these 
segments by proposing and discussing the values they would use to pay artists. For example, in 
turn 2 of segment 19, Kalvin proposes, "Okay, let’s be for real. 50 cents for a song and a dollar 
for a whole album." This proposal triggered a discussion about the group's company, which led 
to the group simplifying / structuring by clarifying details about the type of company they were 
planning to create. For example, in turn 9 of segment 19, Allie said "We [are]1 not streaming. 
You're buying the song. We're not being a premium user." In segment 20, Mr. Deal arrived at the 
group and asked them details about their payment model, which resulted in the group simplifying 
/ structuring by clarifying what the equation they were writing was going to represent and 
mathematizing by continuing to define new mathematical values they would use to pay artists. 
 Following the discussion with Mr. Deal in segment 20, the students alternated between 
problems for the next seven segments. In segments 21, 23, 25, and 27, the group worked on 
                                                
1 Added for clarity. 
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problem 5a, continuing the work of refining the values they wanted to use to pay artists that 
began in segments 19 and 20. In segments 22, 24, and 26, they worked on problem 8a, beginning 
to make their poster. The discussions about problem 5a demonstrated continued mathematizing, 
because the group was creating new mathematical values for their payment plan. For example, in 
turn 12 of segment 23, Kalvin decided that the artist should earn 89 cents per song. The group 
also simplified / structured during these intervals by specifying details that narrowed the scope of 
their company, and thus their mathematical model. For example, the group decided on four 
important details of their model: being a download company, creating an equation for how much 
the customer pays, supporting independent artists and made affordable music, and paying the 
artist per album.  
 In segments 28 through 31, the group did not demonstrate mathematical modeling. In 
segment 28, they returned to creating their mission statement. This discussion did not include 
modeling because the group had already decided on a payment plan, so the mission statement 
they created did not affect their model. In segments 29 and 30, the students did not actually do 
any mathematical work; they just discussed what work they could do. Finally, in segment 31, 
Mr. Deal facilitated a whole class discussion to give instructions about how to organize the 
materials from the day, and Day 1 of the lesson concluded. 
 After Mr. Deal's explanation of what the students would be working on that day in 
segment 33, Day 2 began with Group 1 changing the structure of their company and deciding on 
final values for their model. The first segment of day 2, where Mr. Deal explained the work for 
the day, contained no modeling. Following the explanation, Mr. Deal arrived at the group to 
check in on their progress. During this conversation, the group decided to change their business 
from a download company to a streaming company. In this segment, the group revisited 
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simplifying / structuring, because the shift from a downloading company to a streaming company 
changed the variables they would need to use in their model from songs or albums downloaded 
to songs or albums played. The group also simplified / structured in this segment because Allie 
specified that the model they were creating was specifically for independent artists. Because of 
this change, the group also revisited mathematizing because they created new values to represent 
their payment plan. This occurred in turn 22 of segment 33, when Allie said, "So I said like, for 
an individual song, they would get 6 cents." In these segments, Group 1 finalized their payment 
plan and was ready to move to creating their mathematical representation. 
 In the next segments of the lesson, Group 1 focused on creating an equation to represent 
their payment plan. In Segment 34, at the end of Mr. Deal's discussion with group, he suggested 
to the group that they begin writing an equation for their model. Because of this discussion, the 
group mathematized again, because Mr. Deal helped them choose which representation to create 
for their payment model. In segment 35, the students returned to problem 5a in order to clarify 
what the new values in the payment model would be, and Allie demonstrated mathematizing by 
making explicit that they would pay artists 6 cents per song and 20 cents per album. After briefly 
discussing the poster in segment 36, which showed no modeling, the group shifted to problem 
5c, creating the equation for their payment model. At this point, they worked mathematically by 
stating the need for an equation in y = mx + b form and inputting the values from their 
mathematical model. When the group realized they didn’t have a value to input for b, they 
mathematized again. Allie proposed and the group accepted a value of 20 cents. Then, in 
segment 38, Lexi interpreted this change to the model when she explained the meaning of that 
value by saying, “And then, they get 20 cents just for when we see your song.” In segment 39, 
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the group worked mathematically again by finalizing and recording their equation. Finally, Lexi 
interpreted again by restating what the equation represented. 
 After creating the equation for their payment plan, Group 1 began to focus on creating a 
graph. In segment 40, the group did not model because they were working on writing their 
previously completed work on their poster. During this discussion, the group decided to create a 
second representation for their model, a graph. Besides segment 44, where the group was 
discussing their poster, segments 41 through 45 focused on creating their graph. In segments 41 
and 42, the group demonstrated mathematizing by deciding which representations to create for 
their model. In segment 41, the group decided that they would create the graph, and then in 
segment 42 they decided that they would specifically create a bar graph. Then, the group worked 
mathematically in segments 43 and 45 when they created the graph on their poster. At the end of 
segment 45, Allie and Lexi validated their graph. In turn 24, Allie said the following: 
How we–so it’s like number of times you know that’s played, and then–and then what 
about–this is the money. [Points to y-axis]. This is how much money they get, but if it– 
would this be like 2 dollars and 25 cents?  
Lexi responded to Allie's question in turn 25 by nodding her head. These two turns demonstrated 
validating because they showed Allie describing what the axes of the graph represented, and 
Lexi confirming what the y-values of the graph represented. These descriptions are evidence of 
the students explaining what their graph represented in terms of the payment plan.  
 After they finished creating their graph and validating it, the group decided to create a 
separate payment plan for popular artists. This work began in segment 46. Because of this shift, 
the group returned to simplifying / structuring, and then mathematizing when they decided on 
what values they would use to pay popular artists. In segment 46, the group decided on how 
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much to pay the artist per song, and then in segment 47 they decided how much to pay the artist 
for allowing the company to use the song. In segment 47, the group also worked mathematically 
by writing the equation they would use to pay popular artists. After working on their poster in 
segment 48, which contained no modeling, the group worked mathematically again by finalizing 
the equation for popular artists in segment 49. 
 The group concluded their work on the lesson by calculating how much money an artist 
could make from their company in segments 50 and 51. In segment 50, the group worked 
mathematically with the help of Mr. Deal, who explained to the group what they needed to do for 
problem 6a. Then, the group interpreted in segment 51 when they found the output value in their 
model for an input of 1000. They also described that their answer, 60.02, meant that the artist 
would receive $60.02. Group 1 did not model in segment 52, when they finished creating their 
poster, or segment 53, when Mr. Deal introduced the presentations to the whole class. Finally, in 
segment 54, the group exposed their solution when they presented a sales pitch for their company 
to the class. 
 Comparing Group 1 to the modeling route in the task as designed. One contrast 
between Group 1’s modeling route and the modeling route of the task as designed is that Group 1 
alternated between steps in the modeling cycle frequently. For example, between segments 19 
and 35, the group alternated between mathematizing and simplifying / structuring six times. I had 
anticipated that students would simplify / structure when creating their mission statement. 
Instead, the group simplified / structured as they developed their model, while deciding on values 
to pay artists. One example of this can be seen in the following section of the transcript from 
segment 19. 
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 In this segment, Allie and Kalvin attempted to mathematize by choosing the amount of 
money they will pay the artist per song. In turn 5, Allie explained her thinking that “the artist is 
not gonna get their money worth” with 50 cents per song, while in turn 6, Kalvin argued that 50 
cents would “be a miracle to [the artist].” When Kalvin then started to discuss the number of 
plays the song would require, Allie realized that Kalvin was creating a payment model for 
number of plays, where she was structuring the problem as representing the number of 
downloads. After Allie decided that the company was going to be a download company, the 
group moved forward with mathematizing.  
 In two sections of the lesson while working on problem 5, the group again alternated 
between steps of the modeling cycle. In segments 37 through 39, the group alternated between 
mathematizing, working mathematically, and interpreting; then, in segments 46 and 47, they just 
alternated between mathematizing and working mathematically. During both of these portions of 
the lesson, the group was creating the equation for their payment plan; first for independent 
artists, and then for popular artists. Rather than decide on all of the values in the payment model 
Table 10 
Excerpt from Group 1 Segment 19 
Turn 
no. 
Speaker Comment 
2 Kalvin Okay, let’s be for real. 50 cents for a song and a dollar for a whole album. 
3 Allie What? No, they not gonna get they money worth. 
4 Kalvin Yes they is, 50 cents for a song. 
5 Allie No, but no, the artist is not gonna get their money worth. No, why am I 
giving you. I’m gonna put this album, working hard. 
6 Kalvin Look, look, this would be a miracle to them because look, the person gotta 
play the song… 
7 Allie We not doing Spotify! 
8 Kalvin 166 times. 
9 Allie We not streaming. You buying the song. We not being a premium user. 
10 Lexi Allie, smile. 
11 Kalvin Alright, how much do you think they want? 
12 Allie I’m sticking with the Google price, $1.29 per song. 
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before creating the representation, the group decided on and inputted one value in the equation at 
a time. One example of this can be seen in the following conversation in Table 11, which 
occurred in segment 47 while the group was creating the equation to represent payment to 
popular artists. 
First, Allie and Kalvin mathematized when they chose 35 cents per song as the value to pay 
popular artists in turns 1 and 2. Then, Allie worked mathematically when she input that value as 
the slope in the equation. In order to find the y-intercept, in turn 3 Allie asked, “So, how much 
would they get for letting us use the song?” This led to mathematizing when the students chose 
90 cents. Finally, Allie resumed working mathematically when she wrote .90 as the y-intercept of 
the equation. This shows the group alternating between mathematizing and working 
mathematically to create their equation. 
 Summary of Group 1's modeling route. Overall, Group 1 had fifty-four segments in 
their work on the Internet music business lesson. A summary of the number of segments in 
which Group 1 showed evidence of each step in the modeling cycle, as well as the percent of 
segments that showed evidence of each step, can be found in Table 12. In the results, I will 
describe the number of segments that contained evidence of each step of the modeling cycle 
rather than the percentages. I will do this because I am examining how often the groups revisited 
each step in the modeling cycle. Group 1 used every step in the modeling cycle at some point 
Table 11 
Excerpt from Group 1 Segment 47 
Turn 
no. 
Speaker Comment 
1. Allie: Okay. Alright, so, um, popular artists would be y equals. You said 35? 
2. Kalvin: 35 cents. 
3. Allie: x plus. So, how much would they get for letting us use the song? 
4. Lexi: Hmm? 
5. Kalvin: Letting us use the song? Is it supposed to be a higher price than 35, or? 
6. Allie: Okay, cool. And she gonna do the graph, cause I’m not gonna do that. 
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during their work on the Internet music business lesson. Group 1 most frequently used the step 
mathematizing, which they did in thirteen different segments. They used simplifying / structuring 
and working mathematically next most frequently, in five and seven segments respectively. 
Group 1 used constructing four times, interpreting three times, and validating and exposing 
once.  
Table 12  
Group 1's use of each step in the modeling cycle  
Step in the modeling cycle No. of segments % of segments 
Constructing 4 7 
Simplifying / structuring 5 9 
Mathematizing 13 24 
Working mathematically 7 13 
Interpreting 3 6 
Validating 1 2 
Exposing 1 2 
No modeling shown 28 52 
Total number of segmentsa 54 - 
aSome segments contained evidence of multiple steps in the 
modeling cycle. 
 
 As demonstrated by their modeling route, Group 1 modeled in a non-linear fashion. Their 
work was characterized by alternating between steps of the modeling cycle. I had expected the 
students to create all of the values first, and then create representations for their payment plan, 
which would have led to a more linear modeling route. Instead, Group 1 alternated between 
simplifying / structuring and mathematizing as they decided on the values for their payment plan 
individually, and between mathematizing, working mathematically, and interpreting as they 
created the equations for their payment plan. 
Group 2's Modeling Route 
 The modeling route followed by Group 2 is shown in Table 13. A diagram representing 
Group 2's modeling route was shown previously in Figure 2. I will begin with an overview of 
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Group 2’s work on the problem. Then, I will describe some of the characteristics of their 
modeling route, compared to the modeling route of the task as designed.  
Table 13 
Group 2's modeling route 
Segment 
number Problem 
Was the 
teacher 
present? 
Step in the 
modeling cycle 
1 1.a Choose businesses to analyze. No No modeling 
2 1.b Identify and report on the details of the businesses. No No modeling 
3 1.b Identify and report on the details of the businesses. Yes Constructing 
4 1.b Identify and report on the details of the businesses. No No modeling 
5 1.b Identify and report on the details of the businesses. Yes 
Simplifying / 
structuring 
6 1.b Identify and report on the details of the businesses. No Constructing 
7 1.b Identify and report on the details of the businesses. Yes Constructing 
7 1.b Identify and report on the details of the businesses. Yes 
Simplifying / 
structuring 
8 Whole-class summary of problem 1.b. Yes No modeling 
9 Whole-class launch of problem 2. Yes No modeling 
10 8.a Make the poster or brochure. No No modeling 
11 2.a Read and discuss the mission statements provided. No No modeling 
12 2.b Create a mission statement for your company. No Simplifying / structuring 
13 Whole-class summary of problem 2. Yes No modeling 
14 Whole-class launch of problems 3 - 8. Yes No modeling 
15 2.b Create a mission statement for your company. No Simplifying / structuring 
16 5.b Choose representations to represent the payment plan. No Mathematizing 
17 3.a Give a name and logo for your business. No Simplifying / structuring 
18 5.b Choose representations to represent the payment plan. No Mathematizing 
19 5.c Create an equation for the payment plan. No No modeling 
20 5.a Decide on values used to pay artists. No Mathematizing 
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Table 13 continued 
Segment 
number Problem 
Was the 
teacher 
present? 
Step in the 
modeling cycle 
21 5.c Create an equation for the payment plan. No Working mathematically 
22 5.b Choose representations to represent the payment plan. No No modeling 
23 3.a Give a name and logo for your business. No No modeling 
24 2.b Create a mission statement for your company. Yes No modeling 
25 5.e Create a graph for the payment plan. Yes No modeling 
26 5.c Create an equation for the payment plan. No Constructing 
27 5.a Decide on values used to pay artists. No No modeling 
28 5.b Choose representations to represent the payment plan. No Mathematizing 
29 3.a Give a name and logo for your business. No No modeling 
30 8.a Make the poster or brochure. No No modeling 
31 5.c Create an equation for the payment plan. No Working mathematically 
32 5.c Create an equation for the payment plan. Yes Mathematizing 
33 8.a Make the poster or brochure. Yes No modeling 
34 5.a Decide on values used to pay artists. Yes No modeling 
35 5.c Create an equation for the payment plan. Yes Mathematizing 
36 5.a Decide on values used to pay artists. Yes Working mathematically 
37 5.b Choose representations to represent the payment plan. No Mathematizing 
38 6.a Demonstrate the profit artists would expect to make from the company given sales amounts. No No modeling 
39 8.a Make the poster or brochure. No No modeling 
40 Whole-class summary of day 1. Yes No modeling 
41 8.a Make the poster or brochure. No Interpreting 
42 Whole-class launch of day 2. Yes No modeling 
43 8.a Make the poster or brochure. No No modeling 
44 6.a Demonstrate the profit artists would expect to make from the company given sales amounts. Yes Mathematizing 
45 5.c Create an equation for the payment plan. Yes Mathematizing 
45 5.c Create an equation for the payment plan. Yes Working mathematically 
46 5.c Create an equation for the payment plan. No Working mathematically 
47 5.c Create an equation for the payment plan. Yes Validating 
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Table 13 continued 
Segment 
number Problem 
Was the 
teacher 
present? 
Step in the 
modeling cycle 
48 2.b Create a mission statement for your company. No No modeling 
49 8.a Make the poster or brochure. No No modeling 
50 6.a Demonstrate the profit artists would expect to make from the company given sales amounts. No Interpreting 
50 6.a Demonstrate the profit artists would expect to make from the company given sales amounts. No Validating 
51 5.c Create an equation for the payment plan. No Working mathematically 
51 5.c Create an equation for the payment plan. No Validating 
52 8.a Make the poster or brochure. No No modeling 
53 6.a Demonstrate the profit artists would expect to make from the company given sales amounts. No 
Working 
mathematically 
53 6.a Demonstrate the profit artists would expect to make from the company given sales amounts. No Validating 
53 6.a Demonstrate the profit artists would expect to make from the company given sales amounts. No Interpreting 
54 8.a Make the poster or brochure. No No modeling 
55 6.a Demonstrate the profit artists would expect to make from the company given sales amounts. No Validating 
55 6.a Demonstrate the profit artists would expect to make from the company given sales amounts. No 
Working 
mathematically 
56 5.b Choose representations to represent the payment plan. No 
Working 
mathematically 
56 5.b Choose representations to represent the payment plan. No Validating 
57 5.a Decide on values used to pay artists. No Validating 
58 8.a Make the poster or brochure. No No modeling 
59 8.a Make the poster or brochure. Yes No modeling 
60 5.c Create an equation for the payment plan. Yes Validating 
61 5.a Decide on values used to pay artists. No Working mathematically 
62 8.a Make the poster or brochure. No Validating 
63 8.a Make the poster or brochure. No Validating 
64 Whole-class launch of problem 9. Yes No modeling 
65 9.a Present business to the class. Yes Exposing 
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 Group 2 began their work on the Internet music business by deciding which companies 
they would analyze and discussing their opinions of the companies. This work was in segments 1 
and 2, and neither segment contained evidence of modeling. Group 3 first modeled in segment 3, 
where they constructed by describing the payment models of the companies they analyzed in 
problem 1b. The constructing in segment 3 happened in a discussion with Mr. Deal. Group 2's 
description of the payment models was evidence of constructing because it showed the students 
discussing possible examples of what a solution could be. After discussing their opinion of the 
companies again in segment 4, Group 2 simplified / structured in segment 5. During this 
segment, Mr. Deal returned to the group and asked the students about the company they wanted 
to design. The discussion about Group 2's company occurred in the following excerpt of the 
transcript from segment 5 shown in Table 14. 
 In turn 3, Mr. Deal asked the group about their business. However, in turn 4, Destiny 
replied with an idea for how to model their specific company when she said, “I think we could 
combine them all.” This demonstrated simplifying / structuring by specifying details about what 
was going to be important in their business model. In segment 6, the group continued to discuss 
the companies, constructing through a discussion about how customers pay for iTunes Radio. 
Then, in segment 7, Ms. Matthews arrived at the group to check on their progress. During this 
Table 14 
Excerpt from Group 2 Segment 5 
Turn 
no. 
Speaker Comment 
3. Mr. Deal: So, have you talked about or decided sort of how you want your business 
to look; like, when you design a business do you think you’ll design it off 
of Spotify, iTunes, Bandcamp, something completely new? 
4. Destiny: Umm, I think we could combine them all.  
5. Mr. Deal: Combine it, something that does all of it? So, can I see what you found out 
about Spotify? 
6. Destiny: Mmhmm. 
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segment, the group constructed and simplified / structured again by continuing to describe the 
payment models of the companies they were analyzing and reiterating their desire to combine the 
companies into a new business. In segment 8, Mr. Deal facilitated a whole-class discussion 
summarizing the payment plans in problem 1b, and Group 2 did not show evidence of modeling. 
 Group 2 mostly focused on problem 2 during Segments 9 through 13. The group did not 
model in segments 9 through 11. In segment 9, Mr. Deal explained problem 2 to the class. When 
Group 2 resumed working on the problem, they first focused on what type of poster they would 
design in segment 10. Then, in segment 11, the group read the examples of mission statements 
they were given but did not discuss them. However, Group 1 did model in segment 12, when 
they were working on creating the mission statement for their company. The group first debated 
between creating a company like Borders and creating a company like Amazon. Then, they 
simplified / structured by choosing that they wanted their company to be similar to Borders. This 
was an example of simplifying / structuring, because making the company similar to Borders 
restricted the possibilities for viable payment models by requiring the group to focus on payment 
values that would reflect the mission of the company. 
 Mr. Deal next introduced problems 3 through 8 in segment 14. During this segment, 
Destiny wrote a possible mission statement for the group to use. In segment 15, the group 
simplified / structured their model when she showed this mission to the group and they accepted 
it. Their mission statement included the statement “We won’t rest until you’re satisfied,” which 
emphasized that the group wanted to create a company that would focus on customer 
satisfaction. This is evidence of simplifying / structuring because focusing on customer 
satisfaction in their mission restricted the possible choices of values for the cost of a song to 
values that a customer would approve of. In segment 15, the group mathematized when they 
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decided to represent their model with a graph. Then, in segment 16, the group simplified / 
structured again while thinking about a name and logo for their company. During this 
conversation, the group decided that they wanted to create a company that would be big. The 
goal of creating a big company could possibly have had an effect on how the group chose to 
build their payment model and mathematical representations.  
 In segments 20 and 21, Group 2 shifted their attention to creating an equation to represent 
their payment model. First, in turn 1 of segment 20, Destiny said the following: 
For one album that costs $7.99, the person makes $2.50. For the album–For an album that 
costs $7.99, which is $8, the person gets two dollars back. And the record company gets 
six, no, the record company gets four, $4.50 back. And for every record, I mean for every 
single, for every song, single song, it costs $.99, they’ll get $.50 back. 
In this comment, Destiny demonstrated mathematizing by creating the numerical values that 
defined their payment model. Then, in segment 22, Marissa worked mathematically when she 
proposed an equation for the payment plan. However, the group had difficulties finding the y-
intercept for their equation. Instead, the group moved on to deciding on a name and logo for the 
company. This discussion, which occurred in segment 23, did not include modeling. Group 2 
also did not model in segments 24 or 25, when Mr. Deal asked the group about the details of 
their mission statement and what they were working on for their payment plan.  
 As they continued to have difficulties creating an equation, Group 2 constructed in 
segment 26. In turn 1 of this segment, Marissa asked, “Are we trying to figure out how much the 
artist makes, or are we trying to figure out how much the company makes?” Here, she was 
constructing by trying to determine what was required for a complete solution. Destiny claimed 
that they were trying to find both. In segment 27, Destiny restated the values the group wanted to 
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use to pay artists, but did not add anything to them. Because of this, the group showed no 
modeling in this segment. Then, in segment 28, the group returned to mathematizing by 
discussing the representations they needed to create. In segments 29 and 30, the group shifted 
their focus to their business' name and logo and their poster, again demonstrating no modeling. 
 Group 2 spent the rest of day 1 trying to write an equation for their payment plan. While 
doing so, they worked mathematically in segment 31. After Marissa proposed the equation y = 
7x, the group decided they were stuck and asked for help from Ms. Matthews. At this point, she 
intervened and helped the group work on creating their equation. First, she helped them 
mathematize by discussing with the group why they would need to write an equation in segment 
32. Then, after brief discussions without modeling about the poster and values the group had set 
to pay artists, Ms. Matthews asked the group leading questions to help them understand what the 
components of their equation represented. During this discussion, in segment 35, Larissa said 
that the purpose of the equation was, "To help find how much money they get, like per album." 
This showed mathematizing because she was connecting the artist payout in the real situation to 
the output of the equation in the mathematical model. Then, Ms. Matthews asked the group 
leading questions to provoke a way to calculate what the payment to the artist per song should 
be, based on the payment per album. This can be seen in Table 15, which contains an excerpt 
from segment 36. 
Table 15 
Excerpt from Group 2 Segment 36 
Turn no. Speaker Comment 
6. Ms. Matthews: Okay so how much money does the artist get if I just buy one 
song? 
7. Destiny: That’s what we’re trying to figure out. 
8. Ms. Matthews: So, what percent does the artist get if the album is 7.99? How 
would you find that, 2.50 out of 7.99? 
9. Destiny: How would you find that? 
10. Larissa: Divide. 
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 Because of this interaction, Destiny and Larissa calculated that the artist would be paid 
30% of sales, evidence of working mathematically. After Ms. Matthews left, the group 
mathematized again by deciding that they needed two equations to represent their model, 
evidence of choosing how to build the mathematical representation. This was the last evidence of 
modeling in Day 1. In segments 38 and 39, the group discussed aspects of the project and their 
poster, and in segment 40 Mr. Deal summarized the day with the class. 
 At the beginning of day 2, Destiny and Marissa reviewed their work from the day before 
and began to determine how much money an artist who sold 1000 songs would make in their 
model. During this work in segment 41, Destiny explained the meaning of one of the equations 
she wrote the previous day to Marissa. She also explained the reason for the .30 in their model to 
Ms. Matthews. Because Destiny was describing how work that had already been completed was 
connected to the context, this was the group’s first work in the interpreting phase. Following this 
segment, the group did not model in segments 42 or 43, where Mr. Deal discussed directions for 
the day with the whole class and the group focused on making their poster. 
  After Mr. Deal finished giving the students directions, Group 2 built the equation for their 
payment plan. This work began in segment 44. During this segment, the group began trying to 
work on problem 6a, demonstrating the profit an artist would make in the company. The group 
requested help from Ms. Matthews, who asked the group questions about their model. During 
these questions, Destiny said that she used .30 for the calculation because, "we wanted them to 
get 30%." This was the first explicit evidence of the group using 30% to calculate artist payout, 
demonstrating mathematizing. However, the group did not actually have an equation built that 
they could use to find values. Ms. Matthews shifted the focus of the group to creating this 
equation, which was the focus of segments 45 through 47. During these segments, the group 
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completed problem 5c with Ms. Matthews's help by alternating between mathematizing and 
working mathematically. First, they mathematized by deciding what x and y should represent in 
the equation. Then, they worked mathematically to find the slope by calculating 30% of the cost 
of a song. Ms. Matthews then asked the group what their y-intercept was, and helped them 
through mathematizing by explaining that the y-intercept was the “base amount.” Marissa 
mathematized by explaining this in more detail, describing the y-intercept as “money before they 
sell anything”. Destiny completed the mathematical model by suggesting a 17-cent payment, 
which Marissa accepted. The group completed creating the equation by working mathematically, 
inputting their values of 29 cents per song and a 17 cent up-front payment to create the equation 
y = .29x + .17. Then, Mr. Deal approached the group and, through his leading questions, the 
group validated the equation by explaining what its components meant in context. 
 After Group 2 finished creating their equation, they did not model in segments 48 and 49. 
Then, in segment 50, the group began to work on part 6a. During this work, the group calculated 
that the output of their equation if they input 1000 would be 290, and explained that this meant 
that selling 1000 songs would result in a $290 profit. This demonstrated interpreting because the 
group found and described the meaning of solutions using their model. Destiny and Marissa then 
validated by commenting on whether or not the values they found fit their desired payment 
model when Destiny said, “that’s good” and, “the rest would be a lot of money, okay, so we’re 
good,” about this result.  
 The group next modeled by working mathematically and validating again in segment 51, 
when Marissa examined the poster and noticed that the equation to pay the artists per album was 
incorrect. To fix this error, Marissa worked mathematically by re-calculating the slope and y-
intercept of their payment per album equation. Then, she explained her calculations to Destiny, 
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validating by connecting the mathematical model to the real situation. In segment 53, the group 
worked mathematically again, because they calculated the output for selling 1000 songs in their 
model. During this segment, the group decided to add a bonus payment for a certain number of 
songs played. This showed evidence of validating by modifying the model to more closely align 
it to the desired results. After modifying the model, Group 2 used it to find the solution for how 
much money a medium tier artist would make, and explained their answer in context. This 
showed evidence of interpreting. After discussing details of their poster in segment 54, Group 2 
continued modifying the model to add the bonus payment in segment 55, showing more evidence 
of validating. Then, they used the new model to work mathematically by calculating the payout 
for a medium tier artist. Finally, the group validated when Destiny said “Oh my god! That is a lot 
of money. Whoa, we are some good business people.” This comment showed that the model 
functioned how the group wanted it to. 
 In segment 56, the group worked mathematically by describing what mathematical work 
they needed to complete. In this segment, Destiny asked if the group should also represent the 
cost to buy songs in their model. Marissa responded by validating their model with the following 
comment.  
Okay, if I’m the person that owns the company and you’re the person that bought the 
song for 99 cents, not all 99 cents is going to the artist. So you have to divide it by 30, by 
point 30, to see how much I would get and the artist would get.  
Marissa's comment showed validating because she explained how the model accomplished what 
they needed it to. This discussion provoked Destiny to decide to change the bonus payments in 
their model, which was the focus of segment 57. This decision demonstrated validating by 
modifying the model to more closely align with their desired results.  
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 After this segment, Group 2 worked on finishing their poster, during which they did not 
model. They did model in the final segments of the lesson. In segment 60, Ms. Matthews asked 
the group about their payment model and the group validated by explaining what its components 
meant in terms of the context. In segment 61, the group worked mathematically for the final time 
in the lesson, in order to calculate what they wanted the bonus payment to be for a worldwide 
star. Finally, while practicing their presentation in segments 62 and 63, Destiny anticipated how 
students would respond to the company and explained how she would respond, validating their 
model by explaining how the values in it made sense. After Mr. Deal launched the presentations 
in segment 64, the group exposed their solution during their presentation of their poster. 
 Comparing Group 2 to the modeling route in the task as designed. Compared to the 
task as designed, Group 2 alternated between steps in the modeling cycle much more frequently. 
This first occurred at the beginning of the modeling process, when the group alternated between 
constructing by describing other Internet music businesses and simplifying / structuring by 
describing what they might want their business to be. The group also alternated between 
mathematizing and working mathematically on problem 5c while trying to create an equation to 
represent artist payment per album. This is in part because the group had difficulties creating 
their equation, causing them to shift their focus to a different part of the problem when they 
would attempt to work mathematically. When the group returned to creating their equation, they 
first revisited the values they decided on to pay artists, provoking them to mathematize by 
modifying those values. Eventually, when the group created an equation with the assistance of 
Ms. Matthews, they alternated again between steps in the modeling cycle. To create their 
equation, the group first found and input the slope into their equation, demonstrating 
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mathematizing and working mathematically. Then they found and input the y-intercept, 
mathematizing and working mathematically again. 
 Summary of Group 2's modeling route. Overall, Group 2 had 64 segments in their 
work on the Internet music business lesson. A summary of how many segments Group 2 
demonstrated each step in the modeling cycle, as well as the percentage of segments for each 
step, can be found in Table 16. For the reason previously discussed, I will describe the number of 
segments in the results. 
Table 16  
Group 2's use of each step in the modeling cycle  
Step in the modeling cycle No. of segments % of segments 
Constructing 4 6 
Simplifying / structuring 5 8 
Mathematizing 9 14 
Working mathematically 10 15 
Interpreting 3 5 
Validating 10 15 
Exposing 1 2 
No modeling shown 31 48 
Total number of segmentsa 65 - 
aSome segments contained evidence of multiple steps in the modeling cycle. 
 
 Group 2 used every step in the modeling cycle at some point during their work on the 
Internet music business lesson. Group 2 most frequently used the steps working mathematically 
and validating, which they did in 10 different segments. They used mathematizing next most 
frequently, in nine segments, followed by simplifying / structuring in five segments. Group 2 
used constructing four times, interpreting three times, and exposing once. As demonstrated by 
their modeling route, Group 2 modeled in a non-linear fashion. Their work was characterized by 
frequent alternation between steps of the modeling cycle. Group 2 especially alternated between 
constructing and simplifying / structuring as they discussed which businesses to analyze, and 
between mathematizing and working mathematically as they created the equations for their 
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payment plan. The use of all steps besides exposing in the modeling cycle more than once, 
combined with the frequent alternation between steps, suggests that Group 2 modeled very 
actively during the Internet music business lesson. 
Group 3's modeling route  
 The modeling route followed by Group 3 is shown in Table 17. A diagram representing 
Group 3's modeling route was shown in Figure 2. I will begin with an overview of Group 3’s 
work on the problem. Then, I will describe some of the characteristics of their modeling route, 
compared to the modeling route of the task as designed. 
Table 17 
Group 3's modeling route 
Segment 
number Problem 
Was the 
teacher 
present? 
Step in the 
modeling cycle 
1 1.a Choose businesses to analyze. No No modeling 
2 1.b Identify and report on the details of the 
businesses. 
No Constructing 
3 1.b Identify and report on the details of the 
businesses. 
Yes Constructing 
4 1.b Identify and report on the details of the 
businesses. 
No Constructing 
5 1.b Identify and report on the details of the 
businesses. 
Yes No modeling 
6 1.b Identify and report on the details of the 
businesses. 
No Constructing 
7 Whole-class summary Yes No modeling 
8 Whole-class launch Yes No modeling 
9 9.a Present your business model to the class with 
a poster or brochure. 
No No modeling 
10 2.b Create a mission statement for your 
company. 
No Simplifying / 
structuring 
11 2.b Create a mission statement for your 
company. 
Yes No modeling 
12 2.b Create a mission statement for your 
company. 
No No modeling 
13 2.b Create a mission statement for your 
company. 
Yes No modeling 
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Table 17 continued 
Segment 
number Problem 
Was the 
teacher 
present? 
Step in the 
modeling cycle 
14 2.b Create a mission statement for your 
company. 
No No modeling 
15 2.b Create a mission statement for your 
company. 
No Mathematizing 
16 2.b Create a mission statement for your 
company. 
Yes No modeling 
17 5.a Decide on values used to pay artists. No Working 
mathematically 
18 8.a Make the poster or brochure. No No modeling 
19 Whole-class launch Yes No modeling 
20 3.a Give a name and logo for your business. No No modeling 
21 4.a Explain the principles on which the 
company's business plan is founded, and why the 
company will be a successful music business. 
No No modeling 
22 3.a Give a name and logo for your business. No No modeling 
23 3.a Give a name and logo for your business. Yes No modeling 
24 3.a Give a name and logo for your business. No No modeling 
25 5.a Decide on values used to pay artists. Yes No modeling 
26 3.a Give a name and logo for your business. No No modeling 
27 3.a Give a name and logo for your business. Yes No modeling 
28 3.a Give a name and logo for your business. No No modeling 
29 3.a Give a name and logo for your business. Yes No modeling 
30 3.a Give a name and logo for your business. No No modeling 
31 8.a Make the poster or brochure. Yes No modeling 
32 8.a Make the poster or brochure. No No modeling 
33 Whole-class summary Yes No modeling 
34 3.a Give a name and logo for your business. No No modeling 
35 8.a Make the poster or brochure. No No modeling 
36 Whole-class launch Yes No modeling 
37 3.a Give a name and logo for your business. No No modeling 
38 5.b Choose representations to represent the 
payment plan. 
Yes No modeling 
39 5.c Create an equation for the payment plan. No Mathematizing 
40 8.a Make the poster or brochure. No No modeling 
41 5.e Create a graph for the payment plan. No Working 
mathematically 
42 3.a Give a name and logo for your business. No No modeling 
43 5.e Create a graph for the payment plan. No Working 
mathematically 
44 3.a Give a name and logo for your business. No No modeling 
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  Group 3 began the lesson by working on problem 1. While working on problem 1b, the 
group demonstrated constructing by describing the payment models of the companies they 
analyzed in segments 2, 3, 4 and 6. One example of this occurred in turn 29 of segment 6, when 
Paul said, "So, apparently Google Play charges a single for 70 cents and an album would be 70 
cents times the number of tracks." Here, Paul constructed by describing a possible model for a 
music business, developing his understanding of a possible viable solution. In segment 7, Mr. 
Deal summarized the music businesses, during which Group 3 did not model. 
 Following a whole class launch of problem 2, the group discussed who would present 
their poster before beginning to create a mission statement for their company. The group 
Table 17 continued 
Segment 
number Problem 
Was the 
teacher 
present? 
Step in the 
modeling cycle 
45 5.e Create a graph for the payment plan. No Working 
mathematically 
46 3.a Give a name and logo for your business. No No modeling 
47 5.e Create a graph for the payment plan. No Working 
mathematically 
48 3.a Give a name and logo for your business. Yes No modeling 
49 5.e Create a graph for the payment plan. Yes Validating 
50 3.a Give a name and logo for your business. No No modeling 
51 5.e Create a graph for the payment plan. No Working 
mathematically 
51 5.e Create a graph for the payment plan. No Validating 
51 5.e Create a graph for the payment plan. No Interpreting 
52 8.a Make the poster or brochure. No No modeling 
53 5.e Create a graph for the payment plan. No Validating 
54 8.a Make the poster or brochure. No No modeling 
55 5.a Decide on values used to pay artists. No Mathematizing 
56 6.a Demonstrate the profit an artist would expect 
to make as a small independent artist, a popular 
genre artist (like a popular rap artist), and a top 
10 overall artist. 
No 
Interpreting 
57 8.a Make the poster or brochure. No No modeling 
58 Whole-class introduction of problem 9.a. Yes No modeling 
59 9.a Present business to the class. Yes Exposing 
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modeled while doing so in segment 10, when Jeremy simplified / structured by setting the 
restriction that the company shouldn't be like Spotify or Google Play. The group continued to 
work on creating the mission statement for their company, but did not show evidence of 
modeling, in segments 11 through 14. In segment 15, however, Jeremy wrote a possible mission 
statement that included details of how to pay artists in their company, demonstrating evidence of 
mathematizing by creating the values for their payment plan. The group agreed on the proposed 
payment plan, and shared it with Ms. Matthews in segment 16. In segment 17, they continued to 
discuss what values they would use to pay artists. This segment showed evidence of working 
mathematically because the group calculated that, if one song costs 50 cents, an album of ten 
songs would cost $5.00. 
 Group 3 did not show evidence of modeling for the rest of day 1. In segment 18, they 
discussed their poster, before Mr. Deal led a whole class launch of problems 3 through 8. Group 
3 focused on determining the name and logo of their business on all but two of segments 20 
through 30. In one of these segments that did not focus on the name and logo, segment 21, Paul 
asked Mr. Deal about a building a company that sold video game music. In the other, segment 
25, Mr. Deal asked the group if they had determined the values they would use to pay artists. 
However, the group never discussed the values or did any work to advance their model. In 
segments 31 and 32, Group 3 began making their poster, and then Mr. Deal summarized Day 1 in 
segment 33.  
 At the beginning of Day 2, Group 3 did not model in the first five segments of the lesson. 
One of these segments involved whole-class discussion. During the rest of the segments, they 
discussed the name and logo of the business, the creation of their poster, and the duration of the 
project. In segment 39, the group mathematized by choosing the representation they would build 
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when Jeremy and Greg discussed writing an equation to represent the payment model. However, 
the group did not pursue creating the equation, and returned to discussing the poster in segment 
40.  
 Group 3 began to consistently model in segment 41, when Jeremy began creating a graph 
for the group's payment plan. In turn 3 of this segment, Jeremy asked Greg what the y-axis on the 
graph would represent. In turn 4, Greg replied, "Do you want it to be the number of songs, or–I 
mean–how much its worth for the song?" In turn 5, Jeremy replied that he wanted the y-axis to 
represent the cost. This demonstrated working mathematically because the students connected 
the mathematical model of paying the artist 50 cents per song to the mathematical representation 
of a graph. Group 3 continued to shift between discussing the logo of the company and building 
the graphical representation in segments 42 through 51. During segments 42, 44, 46, 48, and 50, 
when the group discussed their company's logo, Group 3 did not show evidence of modeling. 
However, the video showed evidence that Jeremy worked on creating the graph in segment 43, 
demonstrating working mathematically. Then, in segment 45, Jeremy asked, "Wait, so what 
would–before the amount of–the–on the cost of every song paid to download it, would that be–
would that go up by 20?" In this comment, he clarified the relationship between the 
mathematical model and the values he thought he should put on the graph, again demonstrating 
working mathematically. Jeremy continued to work mathematically in segment 47 when he 
calculated y-values that he needed to locate on the graph. In segment 49, Mr. Deal approached 
the group and asked questions about the graph Jeremy created. Through these questions, Jeremy 
explained that, "I did this as the amount [points to x-axis], and this like the cost [points to y-axis] 
of like, the amount of every song played and downloaded." Jeremy also asked Greg, "Is this, is 
20 cents the–for both? Is that how much money the artist makes?" Greg replied, "That’s, yeah, 
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how much they make." This showed evidence of validating, because Greg and Jeremy explained 
the connection between the graph they created and the components of their payment model. 
 Jeremy finalized the graph in segment 51, where he worked mathematically by making 
the final calculations of y-values for his graph. He also interpreted by describing what those y-
values represented in terms of money paid to the artist. Finally, Jeremy asked Greg if the graph 
was correct, and Greg examined the graph and agreed that it was. This demonstrated validating 
by verifying that the model was accurate. After the group focused on creating their poster in 
segment 52, Jeremy re-examined his graph in segment 53. During this segment, Jeremy re-stated 
that the x-value of 20 represented 20 albums, demonstrating validating by explaining the 
connection between his representation and the context.  
 Group 3 spent most of the rest of the lesson focused on finishing their poster. Between 
these segments, Group 3 demonstrated modeling in two segments. First, in segment 55, Jeremy 
shifted the group's attention back to the values the group used to pay artists. During this segment, 
Greg clarified that albums are free if they are just played and not downloaded, demonstrating 
mathematizing by adding a new component to the mathematical model that did not previously 
exist. Then, in segment 56, Greg calculated the amount of money an artist would make for 
selling various amounts of songs through their company. Although he did not verbally discuss 
these calculations, they could be seen on his paper as he is working. Group 3 finished creating 
their poster in segment 57. After Mr. Deal introduced the presentation activity, the group 
presented their sales pitch to the class in segment 59, exposing their model.   
 Comparing Group 3 to the modeling route in the task as designed. Compared to the 
task as designed, Group 3 mostly followed the steps of the modeling cycle in order. At the 
beginning of the lesson, they constructed in problem 1b and simplified / structured in problem 
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2b. Then, Group C mathematized by creating the values they would use to pay artists, and then 
shifted directly to working mathematically during the next segments in which they demonstrated 
modeling. Besides one segment that included validating, Group 3 did not shift away from 
working mathematically while modeling until their mathematical work was complete, when they 
interpreted and validated as expected. After they validated, Group 3 demonstrated 
mathematizing in one more segment, but otherwise the group continued to interpret and validate 
until they exposed their model. 
 One contrast between the modeling route of Group 3 and the task as designed is the 
problem they worked on when they mathematized. The first mathematizing activity demonstrated 
by Group 3 happened during the mission statement activity. During this activity, the students 
were expected to be simplifying / structuring. Another contrast between Group 3 and the task as 
designed was the amount of time the group spent creating the name and logo of their company. 
In total, Group 3 focused on the name and logo of their business during 17 segments of the 
lesson, which was 29% of their overall segments. As anticipated, the group did not model while 
creating their name and logo. Because of this focus, Group 3 demonstrated no modeling in a high 
number of segments. 
 Summary of Group 3's modeling route. Overall, Group 3 had 58 segments in their 
work on the Internet music business lesson. A summary of how many segments Group 3 
demonstrated each step in the modeling cycle, as well as what percentage of segments for each 
step, can be found in Table 18. 
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Table 18  
Group 3's use of each step in the modeling cycle 
Step in the modeling cycle No. of segments % of segments 
Constructing 4 7 
Simplifying / structuring 1 2 
Mathematizing 3 5 
Working mathematically 6 10 
Interpreting 2 3 
Validating 3 5 
Exposing 1 2 
No modeling shown 41 69 
Total number of segmentsa 59 - 
aSome segments contained evidence of multiple steps in the modeling cycle. 
 
 Group 3 used every step in the modeling cycle at some point during their work on the 
Internet music business lesson. Group 3 most frequently used working mathematically, which 
they did in six different segments. They used constructing next most frequently, in four 
segments, followed by mathematizing and validating in three segments. Group 1 used 
interpreting in two segments, and simplifying / structuring and exposing once. As demonstrated 
by their modeling route, Group 3 modeled in a fairly linear fashion, and they did not frequently 
alternate between steps in the modeling cycle. One contrast between Group 3 and the task as 
designed was that they mathematized their payment plan while they created their mission 
statement, rather than while deciding on values to pay the artist. In general, frequent segments 
that did not contain evidence of modeling characterized Group 3’s work. These often occurred 
while they worked on creating a name and logo for their business.  
Comparing Modeling Across Groups 
 In this section, I will compare and contrast how the groups modeled during the Internet 
music business lesson. I will also describe the nature of the modeling shown by the groups 
combined. An overview of the number of segments each step in the modeling cycle was used by 
each group, as well as by the groups combined, can be found in Table 19. 
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 Percentage of segments with modeling. Groups 1 and 2 demonstrated modeling in a 
similar percentage of segments during the Internet music business lesson. Group 1 showed 
evidence of modeling in 48% of segments, compared to 52% segments without modeling. Group 
2 showed evidence of modeling in 52% of segments, compared to 48% of segments without 
modeling. Both groups demonstrated modeling approximately half of the time. In contrast, 
Group 3 modeled only showed evidence of modeling in seventeen segments, only 31% of the 
segments in the lesson. While Groups 1 and 2 showed evidence of modeling in approximately as 
many segments as they didn't, Group 3 showed no modeling more frequently than they did show 
modeling.  
 Use of each step in the modeling cycle.  All three groups used constructing, working 
mathematically, interpreting, and exposing in a similar percentage of segments. However, there 
were differences in the use of the remaining steps in the modeling cycle. Group 1 and Group 2 
each used simplifying / structuring more than Group 3, in approximately 10% of segments 
compared to 2%. The greatest differences in how groups used each step in the modeling cycle 
were in mathematizing and validating. While Group 1 mathematized more often than any other 
group, in 24% of segments, and Group 2 mathematized fairly often, in 14% of segments, Group 3 
Table 19 
Steps in the modeling cycle used by each group 
Step in the modeling cycle 
Group 1 % 
of segments 
Group 2 % 
of segments 
Group 3 % 
of segments 
Total % of 
segments 
Constructing 7 6 7 7 
Simplifying / structuring 9 8 2 6 
Mathematizing 24 14 5 14 
Working mathematically 13 15 10 13 
Interpreting 6 5 3 5 
Validating 2 15 5 8 
Exposing 2 2 2 2 
% of segments with modelinga 48 52 31 44 
% of segments without modeling 52 48 69 56 
a Some segments contained evidence of more than one step in the modeling cycle 
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only mathematized in 5% of segments. Group 2 validated far more than any other group, in 16% 
of segments, while Group 3 validated in 5% and Group 1 validated in 2% of segments. 
 Overall use of each step in the modeling cycle. Overall, mathematizing and working 
mathematically were the steps in the modeling cycle the groups used most frequently, in a total 
of 14% and 13% of segments respectively. The three next most used steps in the modeling cycle 
were validating, which was used in 8% of segments, constructing, which was used in 7% of 
segments, and simplifying / structuring, which was used in 6% of segments. Interpreting was 
used in 5% of segments. The least used step in the modeling cycle was exposing, which was used 
in 2% of segments. In general, the later the step was in the modeling process, the less frequently 
the groups used it. Overall, the groups showed no modeling more often than they showed 
evidence of modeling, a total of 56% of segments without modeling compared to 44% of 
segments with modeling. 
Summary of How Students Modeled 
  In this section, I have described results that answer the first research question, how did 
students model during the Internet music business lesson. I first described the modeling route 
taken by each group as they worked on the lesson. Groups 1 and 2 had very non-linear modeling 
routes where they alternated between steps of the modeling cycle. One characteristic of these 
shifts was that both groups alternated between mathematizing and working mathematically with 
one parameter at a time while creating their equation (i.e., first the slope, m, and then the y-
intercept, b, in the equation of the form y-mx+b). I had anticipated that groups would 
mathematize all of the values in their model, and then create the equation, rather than alternating 
between one value at a time. Alternatively, Group 3 had a modeling route that had fewer shifts 
and followed a path more closely to the task as designed. However, Group 3's modeling route 
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also featured a greater number of segments without modeling, often while working on their name 
and logo. The most frequently used steps in the modeling cycle by Group 1 were simplifying / 
structuring, mathematizing, and working mathematically. Group 2 mathematized, worked 
mathematically, and validated most frequently. Group 3 worked mathematically and constructed 
most often. Working mathematically was one of the most used steps in the modeling cycle for 
every group, while the rest of the steps varied. Overall, while the groups did show evidence of 
each step in the modeling cycle, the nature of their modeling varied from what I anticipated in 
the task as designed. 
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How Students Used Algebraic Reasoning in the Modeling Lesson 
 In order to answer the second research question, how do students use algebraic reasoning 
in a modeling lesson in Algebra I, I first aggregated all algebraic reasoning actions into tables 
that described how many times each group demonstrated each key element of algebraic 
reasoning during the Internet music business lesson. I then combined the tables from each group 
into one table that described how all of the students demonstrated each element of algebraic 
reasoning during the Internet music business lesson. In addition, because some of the groups' use 
of algebraic reasoning may have been provoked during interactions with the teacher, I listed how 
many of the demonstrations of each key element of algebraic reasoning were shown while the 
teacher was present at the group. In this section, I will first analyze how each group 
demonstrated each key element of algebraic reasoning they used during their work on the 
Internet music business lesson. Then, I will compare the three groups and analyze differences in 
how each group used of algebraic reasoning. 
Group 1's Evidence of Algebraic Reasoning  
 Overall, Group 1 demonstrated the use of various key elements of algebraic reasoning 
fourteen times. The Group used these fourteen observable actions in ten segments of the fifty-
four total in their work on the lesson. A summary of the observable actions that Group 1 
demonstrated to show evidence of algebraic reasoning, and the corresponding key elements, can 
be found in Table 20. For each key element the group used, I will discuss how many times Group 
1 demonstrated it during the lesson. I will report the number of times each key element is used, 
rather than the percentage, because it was possible to show evidence of a key element multiple 
times in one segment, skewing percentages. Then, I will provide examples from the transcript 
that show evidence of the use of the key element. Finally, I will discuss the nature of the group's 
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use of the key element, including when in the lesson they used the key element. At the end of 
this section, I will summarize how Group 1 used algebraic reasoning during the modeling lesson. 
Table 20 
Observable actions and key elements of algebraic reasoning demonstrated by Group 1 
Key element Observable action 
# of 
segments 
Meaningful use of 
symbols 
1. Verbally discuss what a variable should be in terms of the context. 1 
2. Verbally discuss a possible function, using the context in the 
description. 
3 
3. Point to an important written aspect of the context of the problem 
when proposing or explaining a variable or expression. 
0 
4. Verbally describe the need to manipulate an expression to a 
different form in order to find information about the context. 
0 
Total segments with meaningful use of symbols. 4 
Mindful 
manipulation 
5. Justify the manipulation of a function using an arithmetic 
property. 
0 
6. Verbally make a prediction about the results of manipulating a 
function. 
0 
7. Verbally provide a justification, using the context, for why they 
are choosing a certain procedure. 
0 
8. Gesturing or visibly appear to be thinking through a calculation 
before performing it. 
0 
Total segments with mindful manipulation. 0 
Reasoned solving 9. Verbal discussion of connections between steps in evaluating an 
expression or solving an equation by explaining with equality as a 
justification. 
0 
10. Verbal discussion of what a solution means in terms of the 
context. 
2 
Total segments with reasoned solving. 2 
Connecting algebra 
with geometry 
11. Verbal discussion of a connection to a geometric idea as a 
justification for building a function. 
0 
12. Verbal discussion of using a geometric model to manipulate an 
algebraic expression. 
0 
13. Verbal discussion of how an algebraic expression could 
represent a geometric model. 
0 
14. Point to aspects of a geometric model and describe their 
algebraic representation. 
0 
15. Draw a geometric model on their paper for representing or 
manipulating an algebraic expression. 
0 
Total segments with connecting algebra with geometry. 0 
Linking expressions 
and functions 
16. Verbal discussion of the creation of multiple algebraic 
representations of the same function. 
0 
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Table 20 (cont.)   
 17. Two or more algebraic representations of the same function are 
visible on students' work, and students discuss the representations. 
0 
 18. Verbal discussion of how to write an expression using function 
notation. 
0 
Total segments with linking expressions and functions. 0 
Using multiple 
representations of 
functions 
19. Two or more of a table, graph, equation, diagram, physical 
model or picture representing the same situation are visible on 
students' desks. 
1 
20. Verbal discussion of the creation of a new representation of a 
function based off an already-created representation. 
3 
21. Verbal discussion about which model is most useful for a 
particular aspect of the modeling problem. 
1 
22. Students are visibly seen shifting their attention from one 
representation to another when appropriate in the problem. 
0 
23. Pointing to a particular appropriate representation when deciding 
how to go about solving. 
0 
24. Students describe working on multiple representations of the 
problem. 
1 
Total segments with using multiple representations of functions.a 5 
Modeling by using 
families of 
functions 
25. Verbal discussion of what type of function to build, connecting 
aspects of the context to the behavior of the function family as 
justification. 
0 
26. Pointing to a tabular, visual, or written description of the desired 
model and explaining what type of function to choose based on that 
aspect of the model. 
0 
27. Verbal discussion of the connection between aspects of the 
context and components of a function family that is modeling the 
situation. 
2 
Total segments with modeling by using families of functions. 2 
Analyzing the 
effects of 
parameters 
28. Verbally explaining how changing a parameter in an equation 
will affect the output values of the function. 
0 
29. Verbally describing the need to manipulate an expression in 
order to find certain parameters in the problem. 
0 
Total segments with analyzing the effects of parameters. 0 
Number of segments demonstrating algebraic reasoninga 10 
aSome segments had multiple observable actions of algebraic reasoning.  
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 Meaningful use of symbols. Group 1 demonstrated meaningful use of symbols in four of 
fifty-five segments during their work on the lesson. Three of the four demonstrations of this key 
element occurred when members of the group verbally discussed a possible function to represent 
their payment plan. These conversations demonstrated the aspect of the definition that involves 
constructing equations in context. For example, in segment 39, Allie and Lexi have the exchange 
shown in Table 21. 
 At this point in the lesson, the group had already decided on paying the artist six cents per 
song and twenty cents for allowing the company to sell the song. In this segment, Allie and Lexi 
restated the meaning of these values in the context. In turn 2, Lexi used these values to construct 
the group's equation, y = 6x + 20. The members of Group 1 had a similar discussion in segments 
47 and 49, after they decided to construct a second equation to represent profit for popular artists. 
Group 1 demonstrated meaningful use of symbols for a fourth time in segment 43, when the 
group was discussing the creation of their graph. In this segment, Allie said, "It’s like–Okay, so 
at the–on the x-axis it’s like how many times the song is played. And on the y-axis it’s like, um, 
how much money." This demonstrated meaningful use of symbols because, through the 
conversation about the x- and y-axis of their graph, Allie described what x and y represented 
using the context.  
 Group 1 only demonstrated meaningful use of symbols on day 2 of the lesson. The group 
was attending to problem 5, providing the mathematical representation of the payment plan, for 
Table 21 
Excerpt from Group 1 Segment 39 
Turn no. Speaker Comment 
1. Allie: Six. Each time the artist’s song is played, the artist gets six cents. 
Alright. 
2. Lexi: And then they get twenty cents just for when we see your song. So it 
will be 6x + 20. 
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all four of these segments. During all three of the segments that showed meaningful use of 
symbols through the construction of an equation, the group was working on creating an equation 
to represent the payment plan. When they showed meaningful use of symbols by choosing 
variables in context, the group was working on creating a graph to represent the payment plan. 
 Reasoned solving. Group 1 demonstrated reasoned solving in two of fifty-five segments 
during their work on the modeling lesson. In segment 45, Allie said the following: 
 How we–so it’s like number of times you know that’s played, and then–and then, what 
 about? This is the money. [Points to the y-axis.] This is how much money they get but, if 
 it, would this be like 2 dollars and 25 cents?  
In this segment, Allie referred to the y-values that the group had plotted on the graph, and stated 
that they represented how much money the artist earns. In addition, Allie asked if the value 225 
represented 2 dollars and 25 cents. Immediately after this question, Lexi nodded, confirming 
what the solution meant in terms of the context. This demonstrated that the students were 
interpreting their graphical solution in context, which is an aspect of reasoned solving. Group 1 
also used reasoned solving while working on problem 6, demonstrating how much money an 
artist would make from the company. In segment 51, when the group calculated 60.02 as the 
output from inputting 1000 into their function, Allie explained that this solution was 60 dollars 
and 2 cents, explaining what the value meant in terms of the context. Group 1 only used 
reasoned solving on Day 2 of the lesson, and did not have teacher assistance in either segment. 
 Using multiple representations of functions. Group 1 demonstrated using multiple 
representations of functions six times, in five of fifty-five segments, during the lesson. In three of 
the six demonstrations of this key element, the students were verbally discussing the creation of a 
table or graph using the equation they had already written. For example, in segment 43, Lexi 
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asked what the graph was going to be about. Allie replied, "It's about that!" and pointed to the 
equation they had written on their poster. One aspect of the definition of using multiple 
representations of functions is for students to represent functions in multiple ways, which this 
segment demonstrated by showing the group connecting a new representation, a graph, to their 
existing symbolic representation. A fourth demonstration of using multiple representations of 
functions occurred in segment 42, when Kalvin and Allie had the exchange shown in Table 22. 
 In turn 1 of this segment, Kalvin asked what type of graph the group was going to make. 
He suggested a line graph or a box-and-whisker plot, and pointed at a bar graph as a third 
possibility. In turn 9, Allie confirmed that the group should make a bar graph. This showed 
Group 1 using multiple representations of functions, because they were making decisions about 
what type of representation would be most useful to create. Group 1 also used multiple 
representations of functions in segment 49. During this segment, the group did not verbally 
discuss multiple representations. However, Lexi can be seen in the video using the equation to 
create the graph of the group's payment plan. Group 1 only demonstrated using multiple 
representations of functions on day 2 of the lesson. They first discussed using multiple 
representations of functions while they worked on making the poster to represent their company, 
Table 22 
Excerpt from Group 1 Segment 42 
Turn no. Speaker Comment 
1. Kalvin: We’re having a line graph or, or a box, box and whisker? 
2. Allie: He said a box and whisker. 
3. Kalvin: This kinda graph? [Points to a bar graph on a worksheet,] 
4. Allie: Yeah. 
5. Lexi: I forgot all about that one. 
6. Kalvin: Oh, all right. 
7. Allie: No, not that one. The one with– [Reaches across the paper,] 
8. Kalvin: Now, what did you just tell me? I said this graph–you like–yeah. 
9. Allie: Yeah, that graph. 
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when Lexi said, "We gotta do the table." Group 1 worked on problem 5, providing a 
mathematical representation for their payment plan, during the remaining times they used 
multiple representations of functions. 
  Modeling by using families of functions. Group 1 also used modeling by using families 
of functions during the Internet music business. The group demonstrated this key element of 
algebraic reasoning twice out of their fifty-five total segments. These occurred in one segment on 
day 2 of the lesson and in one segment during their presentation. In segment 39, the group was 
working on problem 5, which required the students to provide a mathematical representation for 
their payment plan. After creating the equation y = 6x + 20 as their payment model, Lexi pointed 
to the 20 and said, "This is the y-intercept". Then, she elaborated her thinking by saying, "They 
get 20 cents just for having the song. And then 6 cents every time." When she said "every time," 
she implied that every time the song was sold, the artist earned 6 cents. This is evidence of 
modeling by using families of functions because Lexi applied the behavior of a linear function to 
describe the model for their payment plan. During their presentation, Mr. Deal asked Group 1 
questions about what the components of the model represented. Through these questions, the 
group explained what the axes and bars on their graph meant in terms of the context. Later in the 
presentation, the group responded to a question from Mr. Deal by explaining that 90 cents was 
the amount of money the artist earned up front. They also explained that 90 cents was the starting 
value in their equation. This shows the group modeling by using families of functions by 
connecting the components of a linear graph and equation to the context. 
 Summary of Group 1's algebraic reasoning. Overall, Group 1 demonstrated a key 
element of algebraic reasoning fourteen times during their work on the Internet music business 
lesson, across ten of the fifty-five segments in their work on the lesson. All segments where the 
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group demonstrated algebraic reasoning occurred on Day 2 of the lesson. One of these ten 
segments was the group presentation. The group most frequently used the key element of using 
multiple representations of functions, which they used in five segments. Group 1 showed 
meaningful use of symbols the next most frequently, in four segments. The group used reasoned 
solving and modeling by using families of functions twice, and did not demonstrate mindful 
manipulation, connecting algebra with Geometry, linking expressions and functions, or 
analyzing the effects of parameters.  
 Group 1 worked on problem 5 in all but three times where they showed evidence of 
algebraic reasoning. During the remaining segments in which Group 1 demonstrated algebraic 
reasoning, they were working on their poster, demonstrating artist profit, and presenting their 
business to the class. During Group 1's work on problem 5, they showed evidence of algebraic 
reasoning once while choosing which representations to create, four times while the group was 
creating the equation for their payment plan, and five times while the group was creating the 
graph for their payment plan. Group 1 did not show evidence of algebraic reasoning while either 
teacher was assisting the group. Group 1 used algebraic reasoning mainly to assist with creating 
multiple representations and describing what their variables represented. 
Group 2's Evidence of Algebraic Reasoning  
 Overall, Group 2 demonstrated the use of various key elements of algebraic reasoning 
twenty-three times during their work on the lesson. Group 2 showed these twenty-three 
observable actions of algebraic reasoning in seventeen of their total of sixty-five segments.  A 
summary of the observable actions that Group 2 demonstrated to show evidence of algebraic 
reasoning, and the corresponding key elements, can be found in Table 23. I will first describe 
how many times Group 2 used each key element that they showed evidence of during their work 
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on the modeling lesson. Then, I will provide examples from the transcript that show evidence of 
the use of the key element. Finally, I will discuss the nature of the group's use of the key 
element, including when in the lesson they used the key element and how their work on the 
problem may have promoted or de-emphasized its use. At the end of this section, I will 
summarize how Group 2 used algebraic reasoning during the modeling lesson. 
Table 23 
Observable actions and key elements of algebraic reasoning demonstrated by Group 2 
Key element Observable action 
# of 
segments 
Meaningful use of 
symbols 
1. Verbally discuss what a variable should be in terms of the 
context. 1 
2. Verbally discuss a possible function, using the context in the 
description. 2 
3. Point to an important written aspect of the context of the 
problem when proposing or explaining a variable or expression. 0 
4. Verbally describe the need to manipulate an expression to a 
different form in order to find information about the context. 0 
Total segments with meaningful use of symbols.a 2 
Mindful 
manipulation 
5. Justify the manipulation of a function using an arithmetic 
property. 0 
6. Verbally make a prediction about the results of manipulating a 
function. 1 
7. Verbally provide a justification, using the context, for why they 
are choosing a certain procedure. 6 
8. Gesturing or visibly appear to be thinking through a calculation 
before performing it. 0 
Total segments with mindful manipulation. 7 
Reasoned solving 9. Verbal discussion of connections between steps in evaluating an 
expression or solving an equation by explaining with equality as a 
justification. 
0 
10. Verbal discussion of what a solution means in terms of the 
context. 7 
Total segments with reasoned solving. 7 
Connecting algebra 
with geometry 
11. Verbal discussion of a connection to a geometric idea as a 
justification for building a function. 0 
 12. Verbal discussion of using a geometric model to manipulate an 
algebraic expression. 0 
 13. Verbal discussion of how an algebraic expression could 
represent a geometric model. 0 
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Table 23 (cont.)   
 14. Point to aspects of a geometric model and describe their 
algebraic representation. 0 
 15. Draw a geometric model on their paper for representing or 
manipulating an algebraic expression. 0 
 Total segments with connecting algebra with geometry. 0 
Linking expressions 
and functions 
16. Verbal discussion of the creation of multiple algebraic 
representations of the same function. 0 
17. Two or more algebraic representations of the same function are 
visible on students' work, and students discuss the representations. 0 
18. Verbal discussion of how to write an expression using function 
notation. 0 
Total segments with linking expressions and functions. 0 
Using multiple 
representations of 
functions 
19. Two or more of a table, graph, equation, diagram, physical 
model or picture representing the same situation are visible on 
students' desks. 
0 
20. Verbal discussion of the creation of a new representation of a 
function based off an already-created representation. 0 
21. Verbal discussion about which model is most useful for a 
particular aspect of the modeling problem. 1 
22. Students are visibly seen shifting their attention from one 
representation to another when appropriate in the problem. 0 
23. Pointing to a particular appropriate representation when 
deciding how to go about solving. 0 
24. Students describe working on multiple representations of the 
problem. 1 
Total segments with using multiple representations of functions. 2 
Modeling by using 
families of 
functions 
25. Verbal discussion of what type of function to build, connecting 
aspects of the context to the behavior of the function family as 
justification. 
0 
26. Pointing to a tabular, visual, or written description of the 
desired model and explaining what type of function to choose 
based on that aspect of the model. 
0 
27. Verbal discussion of the connection between aspects of the 
context and components of a function family that is modeling the 
situation. 
6 
Total segments with modeling by using families of functions. 6 
Analyzing the 
effects of 
parameters 
28. Verbally explaining how changing a parameter in an equation 
will affect the output values of the function. 0 
29. Verbally describing the need to manipulate an expression in 
order to find certain parameters in the problem. 0 
Total segments with analyzing the effects of parameters. 0 
Total number of segments with algebraic reasoninga 17 
aSome segments had multiple observable actions of algebraic reasoning  
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 Meaningful use of symbols. Group 2 demonstrated meaningful use of symbols three 
times during their work on the Internet music business lesson in two out of their sixty-five total 
segments. Of these, two involved the group verbally discussing a possible function to represent 
their payment model. One example of this occurred in the exchange shown in Table 24. 
 In this segment, the students were discussing what their equation should be to represent 
their artist payment plan. At this point, they had decided that they wanted to charge $7.99 per 
album and $0.50 per song, but did not know how to make an accurate equation for how much the 
artist would receive. In turn 4, Marissa suggested that the equation would be y = 7x. Because the 
group had established that the cost of an album would be $7.99, it can be implied that she meant 
7.99. She supported her suggestion with the comment, "Because you’re saying that each album is 
8 bucks, right?" This connected her proposed equation with the context and demonstrated 
meaningful use of symbols. In segment 20, Group 2 used meaningful use of symbols for the fifth 
time, when Marissa first proposed a possible equation. As she proposed her equation, she said, 
"say you buy something for t dollars", which demonstrated her choosing variables in context, an 
aspect of meaningful use of symbols. Group 2 only showed meaningful use of symbols on day 1 
of the lesson, while they were trying to create an equation for their payment plan.  
Table 24 
Excerpt from Group 2 Segment 31 
Turn no. Speaker Comment 
5 Destiny Plus fifty cents. 
6 Marissa Lemme see. Lemme see this. Okay. [Looks at Destiny's paper.] Okay, 
so, you’re, okay, so this.  
7 Destiny Oh my. 
8 Marissa Okay, so y equals–for–Okay so like, you’d almost wanna write like how 
much the company makes, but it wouldn’t be plus the difference. I think 
it would just be y equals 7x. Because you’re saying that each album is 8 
bucks, right? Almost 8 bucks. So–but then plus the 50 cents you’re 
saying that they bought. 
9 Larissa I do not like how I just wrote this Marissa. 
10 Marissa Say that, that you’re saying that it's plus. 
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 Mindful manipulation. Group 2 demonstrated mindful manipulation in seven out of 
sixty-five segments during the Internet music business lesson. Six of these seven uses of mindful 
manipulation involved using the context to justify the choice of a procedure. For example, in 
segment 50, Destiny asked why the equation started with the value that it did. Marissa responded 
by explaining that they wanted to give the artist 30 percent, and that, "...7.99 divided by 30 is 
that amount." Marissa made a mistake in her explanation, because she had actually multiplied 
7.99 by 0.30, but she still justified the calculation she made using the context. The only use of 
mindful manipulation shown by the group that was not justification of a calculation occurred in 
segment 49. Marissa calculated the amount an artist who sold 1000 songs would make, and 
shared the answer with Destiny. Destiny replied, "Okay so the rest would be a lot of money–
Okay so we’re good." In this comment, she demonstrated mindful manipulation by mentally 
picturing what would happen if she calculated the payout for artists who sold more songs. Group 
2 only demonstrated mindful manipulation on day 2 of the lesson. They used this key element 
both while working on problem 5, when they were finalizing the equation to represent their 
payment plan, and on problem 6, when they were demonstrating the profit an artist would make 
through their business. Mr. Deal supported Group 2 in one segment that involved mindful 
manipulation. In that segment, Mr. Deal asked why the group did a calculation, providing the 
group the opportunity to justify their choice but not aiding the group in their algebraic reasoning.!
 Reasoned solving. Group 2 demonstrated reasoned solving in seven out of sixty-five 
segments during the Internet music business lesson. All seven of these uses occurred when the 
group members verbally interpreted a solution they found in terms of the context. For example, 
after Marissa calculated how much money a worldwide star would make if they sold 1,000,000 
songs through their company, Destiny replied, "Oh my god! That is a lot of money. Whoa, we 
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are some good business people." This showed her interpreting that the solution Marissa 
calculated was an amount of money that the artist would receive, and that it was a large amount 
of money. Group 2 used reasoned solving once on day 1 of the lesson, while working on 
problem 5. This use of reasoned solving required support from Ms. Matthews, who helped the 
group to understand that paying the artist $2.50 for an album sold at $7.99 was a 30% payout. 
All of the remaining uses of reasoned solving occurred on day 2 of the lesson. Group 1 used 
reasoned solving three times while working on problem 6, demonstrating artist profit. They used 
reasoned solving twice while restating solutions they were recording on their poster. Group 1 
used reasoned solving for the final time while explaining their solution during their presentation. 
The teachers did not support the group for any of the uses of reasoned solving on day 2.  
 Using multiple representations of functions. Group 2 showed using multiple 
representations of functions in two out of sixty-five segments. The first time, Mr. Deal came to 
the group and asked Destiny what the group was working on. Destiny explained that, "She’s 
working on the, what is it called, the title [pointing at Larissa]. She’s working on the–the graph 
[pointing at Marissa], and I’m trying to figure out the starting value." This shows evidence of the 
group considering representing their payment model with a graph and with an equation. 
However, the group did not actually follow through with creating a graph, and ended up only 
creating one representation, an equation. Ms. Matthews provoked the second time Group 2 used 
multiple representations of functions in the exchange from segment 35 shown in table 25. 
Table 25 
Excerpt from Group 2 Segment 35 
Turn no. Speaker Comment 
1 Marissa We don’t know an equation.  
2 Ms. Matthews So, how could an equation be helpful for you in this situation? 
3 Larissa To help find how much money they get, like per album. 
4 Destiny Yeah, per album. Per album. 
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 Here, Ms. Matthews's question in turn 2 about how an equation could be helpful 
provoked Larissa to explain why an equation was a useful representation of the group's payment 
model. Deciding what representations are useful in problem solving is an aspect of using 
multiple representations of functions. Group 2 only used this key element on day 1 of the lesson 
while they worked on providing the mathematical representation of their payment plan. The 
teacher assisted Group 2 during both of the segments in which they demonstrated using multiple 
representations of functions. 
 Modeling using families of functions. The final key element of algebraic reasoning that 
Group 2 demonstrated was modeling using families of functions. The group demonstrated this 
key element in a total of six out of sixty-five segments in the lesson. In each case of modeling 
using families of functions, Group 2 connected the context to aspects of the function family they 
were using. At first, the connections were made explicitly to linear functions. Later, the group 
modeled using elements of a piecewise function, though the group was not specifically aware 
that they were describing a piecewise relationship. For example, in segment 51, Destiny and 
Marissa had the following exchange shown in Table 26. 
 In this segment, Destiny and Marissa demonstrated modeling using families of functions 
by using the characteristic behavior of a linear function as having a slope and y-intercept to 
develop the model to represent their payment plan. In turn 5, Marissa asked if they wanted to 
Table 26 
Excerpt from Group 2 Segment 51 
Turn no. Speaker Comment 
11. Marissa: They’d get two dollars and 39 cents. So, Okay. So you need to write y 
equals. 
12. Destiny: Mmhmm. 
13. Marissa: Two dollars and 39 cents. 
14. Destiny: Point 39. 
15. Marissa: x plus–are we gonna say they get maybe 17 cents just for starting? 
Okay, so then 17.    
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give artists 17 cents as a starting fee, and inputted that value as the y-intercept of their linear 
equation. 
 Five of the six segments where Group 2 demonstrated modeling using families of 
functions occurred while the group was working on problem 5c, creating an equation to represent 
their payment plan. Of these, two occurred on day 1 of the lesson without the teacher present, 
and three occurred on day 2, twice with the teacher present. The final time the group 
demonstrated modeling using families of functions occurred during the group's presentation, 
when they explained to the class that the 17 cents in their model represented the "starting value".   
 Summary of Group 2's algebraic reasoning. Overall, group 2 demonstrated a key 
element of algebraic reasoning twenty-five times during the lesson, across seventeen different 
segments out of the sixty-five total segments in their work. The two key elements they 
demonstrated the most were mindful manipulation and reasoned solving, each of which they 
used in seven segments. Group 2 used modeling by using families of functions in six segments. In 
addition, the group demonstrated meaningful use of symbols and using multiple representations 
of functions in two segments. Group 2 was focused on providing the mathematical representation 
of their payment plan for ten of the segments in which they demonstrated algebraic reasoning, 
demonstrating the profit an artist would make from their company in four of the segments, 
making the poster twice and presenting their model once. The teachers assisted group 2 during 
six of the segments where they demonstrated algebraic reasoning. Group 2 did not use 
connecting algebra with Geometry, linking expressions and equations, or analyzing the effects of 
parameters. Group 2 mainly used algebraic reasoning to help them write the equation for their 
payment plan. 
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Group 3's Evidence of Algebraic Reasoning 
 Group 3 demonstrated algebraic reasoning in three different segments of their total of 
fifty-nine segments. A summary of the observable actions that Group 3 demonstrated to show 
evidence of algebraic reasoning, and the corresponding key elements, are in Table 27. I will 
describe the algebraic reasoning Group 3 used in the same way I described the algebraic 
reasoning of Groups 1 and 2. 
Table 27   
Observable actions and key elements of algebraic reasoning demonstrated by Group 3 
Key element Observable action 
No. of 
segments 
Meaningful use 
of symbols 
1. Verbally discuss what a variable should be in terms of the context. 2 
2. Verbally discuss a possible function, using the context in the 
description. 
0 
3. Point to an important written aspect of the context of the problem 
when proposing or explaining a variable or expression. 
0 
4. Verbally describe the need to manipulate an expression to a different 
form in order to find information about the context. 
0 
Total segments with meaningful use of symbols. 2 
Mindful 
manipulation 
5. Justify the manipulation of a function using an arithmetic property. 0 
6. Verbally make a prediction about the results of manipulating a 
function. 
0 
7. Verbally provide a justification, using the context, for why they are 
choosing a certain procedure. 
0 
8. Gesturing or visibly appear to be thinking through a calculation 
before performing it. 
0 
Total segments with mindful manipulation. 0 
Reasoned 
solving 
9. Verbal discussion of connections between steps in evaluating an 
expression or solving an equation by explaining with equality as a 
justification. 
0 
10. Verbal discussion of what a solution means in terms of the context. 1 
Total segments with reasoned solving. 1 
Connecting 
algebra with 
geometry 
11. Verbal discussion of a connection to a geometric idea as a 
justification for building a function. 
0 
12. Verbal discussion of using a geometric model to manipulate an 
algebraic expression. 
0 
13. Verbal discussion of how an algebraic expression could represent a 
geometric model. 
0 
 14. Point to aspects of a geometric model and describe their algebraic 
representation. 
0 
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Table 27 (cont.)   
 15. Draw a geometric model on their paper for representing or 
manipulating an algebraic expression. 
0 
 Total segments with connecting algebra with geometry. 0 
Linking 
expressions and 
functions 
16. Verbal discussion of the creation of multiple algebraic 
representations of the same function. 
0 
17. Two or more algebraic representations of the same function are 
visible on students' work, and students discuss the representations. 
0 
18. Verbal discussion of how to write an expression using function 
notation. 
0 
Total segments with linking expressions and functions. 0 
Using multiple 
representations 
of functions 
19. Two or more of a table, graph, equation, diagram, physical model 
or picture representing the same situation are visible on students' desks. 
0 
20. Verbal discussion of the creation of a new representation of a 
function based off an already-created representation. 
0 
21. Verbal discussion about which model is most useful for a particular 
aspect of the modeling problem. 
0 
22. Students are visibly seen shifting their attention from one 
representation to another when appropriate in the problem. 
0 
23. Pointing to a particular appropriate representation when deciding 
how to go about solving. 
0 
24. Students describe working on multiple representations of the 
problem. 
0 
Total segments with using multiple representations of functions. 0 
Modeling by 
using families 
of functions 
25. Verbal discussion of what type of function to build, connecting 
aspects of the context to the behavior of the function family as 
justification. 
0 
26. Pointing to a tabular, visual, or written description of the desired 
model and explaining what type of function to choose based on that 
aspect of the model. 
0 
27. Verbal discussion of the connection between aspects of the context 
and components of a function family that is modeling the situation. 
0 
Total segments with modeling by using families of functions. 0 
Analyzing the 
effects of 
parameters 
28. Verbally explaining how changing a parameter in an equation will 
affect the output values of the function. 
0 
29. Verbally describing the need to manipulate an expression in order 
to find certain parameters in the problem. 
0 
Total segments with analyzing the effects of parameters. 0 
Total segments with algebraic reasoning 3 
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 Meaningful use of symbols. Group 3 demonstrated meaningful use of symbols in two of 
fifty-nine segments during the Internet music business lesson. Both times the group used this key 
element they were discussing the variables they were using in terms of the graph. For example, 
when Jeremy began creating the graph in segment 41, he asked, "What's the y-axis on here?" 
Glen asked him if he wanted it to represent the number of songs or how much a song was worth, 
and Jeremy replied that he wanted it to represent the cost. This showed meaningful use of 
symbols because the group was choosing what the y-variable should represent in terms of the 
quantities in their model. Group 3 only showed meaningful use of symbols while they worked on 
problem 5e, creating a graph for their payment plan, and only showed this key element on day 2 
of the lesson without teacher intervention. 
 Reasoned solving. The second key aspect of algebraic reasoning Group 3 demonstrated 
during the Internet music business lesson was reasoned solving. Group 3 used reasoned solving 
in one segment, segment 51. In this segment, Jeremy described the y-value of 4 corresponding to 
the x-value of 20 as "20 songs gets $4", and then went on to say that, "They some broke boys." 
This showed reasoned solving because Jeremy interpreted the meaning of his solution of 4 in 
terms of how much money that would pay the artist. This use of reasoned solving occurred while 
the students were creating a graphical representation of their payment plan, and did not involve 
teacher intervention. 
 Summary of Group 3's algebraic reasoning. Overall, Group 3 showed algebraic 
reasoning three times during the Internet music business lesson, across three of fifty-nine total 
segments. All three of these segments were on day 2 while the group created a graph for their 
payment plan. The two key elements of algebraic reasoning that Group 2 demonstrated were 
meaningful use of symbols, which they showed twice, and reasoned solving, which they showed 
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once. Two of the three demonstrations of algebraic reasoning occurred with the support of the 
teacher, during segment 49. Group 3 did not demonstrate mindful manipulation, connecting 
algebra with Geometry, linking expressions and equations, using multiple representations of 
functions, modeling by using families of functions, or analyzing the effects of parameters. Group 
3's work was characterized by infrequent algebraic reasoning. 
Comparing the Groups' Algebraic Reasoning  
 In this section, I will describe the similarities and differences between the groups' 
demonstrations of algebraic reasoning during the Internet music business lesson. A summary of 
the number of segments with each key element of algebraic reasoning for each groups, and for 
the groups combined, can be found in Table 28. Groups 1 and 2 occasionally used more than one 
key element of algebraic reasoning in a segment. Because of the overlapping segments, in this 
section I will compare groups both in terms of how many segments had evidence of algebraic 
reasoning and how many times the group used a key element of algebraic reasoning. I examined 
the groups combined because each group followed a different strategy on the problem, just as 
groups in an Algebra I classroom would solve the problem in different ways. The total allows me 
to understand what algebraic reasoning is possible across a wide spectrum of groups in a 
classroom. Table 29 describes the percentage of the total number of segments with algebraic 
reasoning for each problem. 
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Table 29 
Percent of segments with algebraic reasoning in each problem 
Problem Segments with reasoning 
% of total segments with 
reasoning 
1 0 0 
2 0 0 
3 0 0 
4 0 0 
5 20 67 
6 5 17 
7 0 0 
8 3 10 
9 2 7 
Total segments 
with reasoning 
30 100 
        
 Overall, Group 2 used algebraic reasoning in more segments than any other group. 
Twenty of the twenty-five uses of algebraic reasoning by Group 2 were mindful manipulation, 
reasoned solving, and modeling by using families of functions. Much of Group 2's work that 
demonstrated reasoning focused on calculations, both to find the parameters in their equation and 
to calculate how much money the artist would be paid from their company. Groups 1 and 3 did 
Table 28 
Number of segments each group used each key element of algebraic reasoning 
Key element of algebraic reasoning Group 1 Group 2 Group 3 Overall 
Meaningful use of symbols 4 2 2 8 
Mindful manipulation 0 7 0 7 
Reasoned solving 2 7 1 10 
Connecting algebra with geometry 0 0 0 0 
Linking expressions and functions 0 0 0 0 
Using multiple representations of 
functions 
5 2 0 7 
Modeling by using families of functions 2 6 0 8 
Analyzing the effects of parameters 0 0 0 0 
Totala 10 17 3 30 
aSome segments had more than one key element of algebraic reasoning. 
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not focus on performing calculations in the same way, and only used these three key elements of 
algebraic reasoning a total of three times. Group 1 used algebraic reasoning fourteen times. 
Group 1 used algebraic reasoning most frequently to meaningfully use symbols and use multiple 
representations of functions in order to represent their payment plan. Group 1 was the only group 
to build two different representations of their payment plan, an equation and a graph. Group 3 
used algebraic reasoning very infrequently. No group demonstrated connecting algebra with 
Geometry, linking expressions and functions, or analyzing the effects of parameters. 
 The groups most frequently used algebraic reasoning in order to work on problem 5, 
creating the mathematical representation of their payment plan. Of all segments with algebraic 
reasoning, groups worked on problem 5 for 67% of them. The groups used algebraic reasoning 
during problem 5 most often to meaningfully use symbols, use multiple representations of 
functions, and model using families of functions. These are all key elements of algebraic 
reasoning that focus on using variables and functions to represent data. A group worked on 
problem 6, demonstrating the profit an artist would make in their company, in 17% of the 
segments with evidence of algebraic reasoning. The groups used mindful manipulation and 
reasoned solving while working on problem 6, both of which relate to doing procedures and 
making calculations. Finally the groups were working on making their poster in 10% of the 
segments with algebraic reasoning and presenting their business plan in 7% of the segments with 
algebraic reasoning. For both of these problems, a group used algebraic reasoning to describe a 
component of the model that had already been completed. No group demonstrated algebraic 
reasoning while working on problems 1 through 4, which involved analyzing existing music 
businesses, creating a mission statement, name, and logo, and explaining the principles of the 
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business. Overall, each group used algebraic reasoning in a different way, and with varying 
frequency.  
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How Modeling and Algebraic Reasoning Were Related 
 In order to answer the third research question, what is the relationship between students' 
mathematical modeling and students' algebraic reasoning in an Algebra I modeling lesson, I will 
discuss the nature of the algebraic reasoning for each individual step in the modeling cycle, as 
well as the overall relationship between students' modeling and students' use of algebraic 
reasoning. To do so, I examined each segment of the transcript for what step in the modeling 
cycle the group was working on. For each segment, I identified what evidence of algebraic 
reasoning the students showed during that segment. Because I identified multiple observable 
actions of algebraic reasoning and modeling in some segments, I will first describe how many 
times each key element was used during each step in the modeling cycle. I also analyzed each 
step in the modeling cycle for individual groups, looking for patterns in how they demonstrated 
each key element of algebraic reasoning. Then, I examined students' algebraic reasoning in the 
groups combined. I will analyze the overall use of algebraic reasoning while modeling by 
analyzing the percentage of segments in each step in the modeling cycle that contained algebraic 
reasoning. I did so to identify patterns in how much algebraic reasoning was in each step of the 
modeling cycle. Tables 30 through 35 describe how many times each key element of algebraic 
reasoning was used by each group for the steps in the modeling cycle with evidence of students' 
algebraic reasoning. 
 Constructing and simplifying / structuring. These two steps in the modeling cycle did 
not encourage algebraic reasoning. There were 12 total segments where the students were 
constructing, and eleven total segments where the students were simplifying / structuring. No 
group demonstrated algebraic reasoning in any of these segments. 
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 Mathematizing. Mathematizing did encourage frequent algebraic reasoning. A summary 
of how each group demonstrated algebraic reasoning while mathematizing can be found in Table 
30. Only five of the twenty-five segments with mathematizing included algebraic reasoning. Of 
these demonstrations of algebraic reasoning, three involved the group using multiple 
representations of functions, nearly half of the eight overall uses of this key element. Group 1 
demonstrated two of these, while Group 2 used multiple representations while mathematizing 
once. Though reasoned solving and meaningful use of symbols were the most used key elements 
of algebraic reasoning overall, they were not used during mathematizing. The only 
demonstrations of algebraic reasoning while mathematizing that were not using multiple 
representations of functions were in the work of Group 2. 
 Each group used algebraic reasoning differently while mathematizing. Group 1 used one 
key element multiple times, Group 2 used three different key elements once each, and Group 3 
never used algebraic reasoning while mathematizing. Compared to my expectations, I anticipated 
students to meaningfully use symbols while mathematizing, and groups did not use that key 
element during this step of the modeling cycle. 
Table 30 
Number of segments demonstrating algebraic reasoning while mathematizing 
Key element of algebraic reasoning Group 1 Group 2 Group 3 Total 
Reasoned solving 0 0 0 0 
Meaningful use of symbols 0 0 0 0 
Using multiple representations of functions 2 1 0 3 
Modeling by using families of functions 0 1 0 1 
Mindful manipulation 0 1 0 1 
Linking expressions and functions 0 0 0 0 
Connecting algebra with geometry 0 0 0 0 
Analyzing the effects of parameters 0 0 0 0 
Segment had no evidence of algebraic 
reasoning 11 6 3 20 
Total number of segments  13 9 3 25 
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 Working mathematically. A summary of how each group demonstrated algebraic 
reasoning while working mathematically can be found in Table 31. Working mathematically did 
encourage algebraic reasoning during the modeling lesson. The groups demonstrated algebraic 
reasoning seventeen total times in eleven different segments out of the twenty-three segments 
that included working mathematically. One unique aspect of working mathematically is that it 
was the only step in the modeling cycle where I found segments with more than one key element 
of algebraic reasoning. Most frequently, students used the key element meaningful use of 
symbols while working mathematically. Students were working mathematically during eight of 
the nine overall times students meaningfully used symbols.  
 While working mathematically, the groups also demonstrated reasoned solving, using 
multiple representations of functions, and modeling by using families of functions. Even though 
mindful manipulation was a key element I expected students to use while working 
mathematically, no group did so. Besides every group meaningfully using symbols while working 
mathematically, the rest of the algebraic reasoning during this step in the modeling cycle varied 
Table 31 
Number of segments demonstrating algebraic reasoning while working mathematically 
Key element of algebraic reasoning Group 1 Group 2 Group 3 Total 
Reasoned solving 0 3 0 3 
Meaningful use of symbols 4 3 1 7 
Using multiple representations of functions 3 0 0 2 
Modeling by using families of functions 0 3 0 3 
Mindful manipulation 0 0 0 0 
Linking expressions and functions 0 0 0 0 
Connecting algebra with geometry 0 0 0 0 
Analyzing the effects of parameters 0 0 0 0 
Segment had no evidence of algebraic reasoning 3 4 5 12 
Total number of segments    7*   10* 6 23 
Note: Some segments where Group 1 and 2 were working mathematically contained multiple 
key elements of algebraic reasoning. For this reason, the total number of segments for working 
mathematically does not equal the sum of the key elements. This is the only step in the 
modeling cycle where this occurred. 
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by group. Group 2 was the only group that demonstrated reasoned solving and modeling by using 
families of functions while working mathematically, while Group 1 was the only group that 
demonstrated using multiple representations of functions while working mathematically. Overall, 
considering that algebraic reasoning was used in more segments of working mathematically, and 
that working mathematically was the only step in the modeling cycle with multiple key elements 
in some segments, working mathematically encouraged algebraic reasoning. 
 Interpreting. A summary of how each group demonstrated algebraic reasoning while 
interpreting can be found in Table 32. Of the eight total segments where the groups were 
interpreting, six included evidence of algebraic reasoning, which was a high percentage of 
segments relative to other key elements. Five of these six segments involved groups using 
reasoned solving, which was half of the total times the groups used this key element. The use of 
reasoned solving while interpreting was consistent with what I had anticipated. Group 2 was the 
group that used reasoned solving while interpreting the most, in three segments. Modeling by 
using families of functions was the only other key element of algebraic reasoning that groups 
demonstrated while interpreting. Group 1 was the only group who did this, and they only did so 
in one segment.  
Table 32 
Number of segments demonstrating algebraic reasoning while interpreting 
Key element of algebraic reasoning Group 1 Group 2 Group 3 Total 
Reasoned solving 1 3 1 5 
Meaningful use of symbols 0 0 0 0 
Using multiple representations of functions 0 0 0 0 
Modeling by using families of functions 1 0 0 1 
Mindful manipulation 0 0 0 0 
Linking expressions and functions 0 0 0 0 
Connecting algebra with geometry 0 0 0 0 
Analyzing the effects of parameters 0 0 0 0 
Segment had no evidence of algebraic reasoning 1 0 1 2 
Total number of segments  3 3 2 8 
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 Overall, while the groups did use algebraic reasoning frequently while interpreting, most 
of the algebraic reasoning involved reasoned solving. The fact that most of the algebraic 
reasoning only used one key element suggests interpreting does not encourage a wide variety of 
algebraic reasoning. In addition, the groups did not interpret in enough segments to determine 
any similarities or differences in how they reasoned during this step in the modeling cycle. 
 Validating. Table 33 shows a summary of how the groups used algebraic reasoning while 
validating. The students demonstrated validating in fourteen total segments, and ten of these 
segments contained evidence of algebraic reasoning, which was a relatively high amount of 
algebraic reasoning. Mindful manipulation was the key element of algebraic reasoning that was 
most used during validating. At first, it appears that validating specifically encouraged mindful 
manipulation. However, Group 2 was the only group that used mindful manipulation while 
validating, suggesting that the relationship between the two may have been specific to Group 2's 
work. Group 2 also demonstrated algebraic reasoning by using reasoned solving in two segments 
while validating. In contrast, Groups 1 and 3 only used algebraic reasoning once while 
validating.  
Table 33 
Number of segments demonstrating algebraic reasoning while validating 
Key element of algebraic reasoning Group 1 Group 2 Group 3 Total 
Reasoned solving 1 2 0 3 
Meaningful use of symbols 0 0 1 1 
Using multiple representations of functions 0 0 0 0 
Mindful manipulation 0 5 0 5 
Modeling by using families of functions 0 0 0 0 
Linking expressions and functions 0 0 0 0 
Connecting algebra with geometry 0 0 0 0 
Analyzing the effects of parameters 0 0 0 0 
Segment had no evidence of algebraic reasoning 0 3 2 5 
Total number of segments  1 10 3 14 
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 While it appears there was a relationship between algebraic reasoning and validating for 
Group 2, it is not clear if that relationship is true for Groups 1 and 3. These two groups only 
validated in a total of four segments, compared to ten segments with validating in the work of 
Group 2, which could also explain this difference. In addition, while I had anticipated that groups 
might analyze the use of parameters while validating, they did not. 
 Exposing. A summary of how each group demonstrated algebraic reasoning in segments 
while exposing can be found in Table 34. Each group exposed their solution in one segment, 
which was the presentation of their business plan. Because of the nature of exposing as the public 
sharing of the model, each group only exposed during one segment. Two groups demonstrated 
algebraic reasoning while exposing, while one did not. 
 During the exposing step, Group 1 modeled by using families of functions when they were 
asked questions about their model by Mr. Deal and answered them by explaining the meaning of 
the axes on their graph and the starting value of their equation using the context. Group 2 used 
reasoned solving while exposing as well, by explaining the meaning of a solution they calculated 
in terms of how much money the artist would earn. In contrast, while Group 3 did explain the 
details of their model and graph during their presentation, they did not explicitly connect them in 
Table 34 
Number of segments demonstrating algebraic reasoning while exposing 
Key element of algebraic reasoning Group 1 Group 2 Group 3 Total 
Reasoned solving 0 1 0 1 
Meaningful use of symbols 0 0 0 0 
Using multiple representations of functions 0 0 0 0 
Modeling by using families of functions 1 1 0 2 
Mindful manipulation 0 0 0 0 
Linking expressions and functions 0 0 0 0 
Connecting algebra with geometry 0 0 0 0 
Analyzing the effects of parameters 0 0 0 0 
Segment had no evidence of algebraic reasoning 0 0 1 1 
Total number of segments  1 1 1 3 
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a way that showed algebraic reasoning. The lack of algebraic reasoning by Group 3 during their 
presentation suggests that, while exposing does provide opportunities to use more reasoning, it 
does not guarantee reasoning. Compared to my anticipations, students did use reasoned solving 
while exposing, as I had expected. However, I did not anticipate the use of modeling by using 
families of functions. 
 Segments without modeling. A summary of how each group demonstrated algebraic 
reasoning in segments without modeling can be found in Table 35. There were 101 segments in 
which no modeling was shown. Only two of these segments contained evidence of algebraic 
reasoning. Both of these segments involved students using multiple representations of functions. 
Group 1 and Group 2 each showed one use of multiple representations of functions without  
modeling. These both involved discussing the creation of a different representation than they had 
already completed while working on the poster. Group 3 did not show algebraic reasoning during 
any segments that did not include evidence of modeling. 
 Students' overall use of algebraic reasoning while modeling. In order to understand 
students' overall use of algebraic reasoning during the mathematical modeling lesson, I examined 
the relationship between each step in the modeling cycle and each key element of algebraic 
Table 35 
Number of segments demonstrating algebraic reasoning while not modeling 
Key element of algebraic reasoning Group 1 Group 2 Group 3 Total 
Reasoned solving 0 0 0 0 
Meaningful use of symbols 0 0 0 0 
Using multiple representations of functions 1 1 0 2 
Modeling by using families of functions 0 0 0 0 
Mindful manipulation 0 0 0 0 
Linking expressions and functions 0 0 0 0 
Connecting algebra with geometry 0 0 0 0 
Analyzing the effects of parameters 0 0 0 0 
Segment had no evidence of algebraic reasoning 27 31 41 99 
Total number of segments  28 32 41 101 
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reasoning for the three groups combined. Table 36 shows an aggregation of how many times 
students used algebraic reasoning for each step in the modeling cycle, as well as what percentage 
of the segments for that step contained evidence of algebraic reasoning.   
 Overall, the groups demonstrated algebraic reasoning in thirty of 178 total segments. In 
segments that contained evidence of modeling, the groups demonstrated algebraic reasoning 36% 
of the time (twenty-eight of seventy-eight segments). In contrast, only 2% of the segments that 
did not contain modeling contained a demonstration of algebraic reasoning (two of one hundred 
segments). The significantly higher percentage of algebraic reasoning while modeling suggests a 
relationship between mathematical modeling and algebraic reasoning. Three steps in the 
modeling cycle especially encouraged algebraic reasoning, including algebraic reasoning in 
greater than 50% of segments. These steps were interpreting, validating, and exposing. The step 
in the modeling cycle with the next greatest amount of algebraic reasoning was working 
mathematically. Segments with working mathematically had algebraic reasoning 48% of the 
time. However, working mathematically was the only step in the modeling cycle that included 
segments with multiple key elements of algebraic reasoning, meaning that algebraic reasoning 
Table 36    
Percent of segments with algebraic reasoning in each step of the modeling cycle 
Step in the modeling cycle 
No. of 
segments 
No. of segments with 
algebraic reasoning 
% of segments with 
algebraic reasoning 
Constructing 12 0 0 
Simplifying / structuring 11 0 0 
Mathematizing 25 5 20 
Working mathematically 23 11 48 
Interpreting 8 6 67 
Validating 14 9 64 
Exposing 3 2 67 
Total segments with modelinga 78 28 36 
Segments with no modeling 100 2 2 
Total number of segments 178 30 17 
aSome segments contained evidence of multiple steps in the modeling cycle 
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was used seventeen times overall while groups worked mathematically. The students 
demonstrated algebraic reasoning with less frequency when mathematizing, showing reasoning 
in 20% of the twenty-five segments. There was no evidence of modeling shown in the ten 
segments where a group was constructing or the twelve segments where a group was simplifying 
/ structuring.  
 Algebraic reasoning did not occur in a high percentage of segments, but was more likely 
to occur in segments with modeling than segments without modeling. Also, in general, the later 
the step in the modeling cycle, the higher the percentage of segments with algebraic reasoning. 
The steps in the modeling cycle that included algebraic reasoning were consistent with my 
expectations. Some contrasts with my expectations were that I expected more algebraic 
reasoning while students mathematized, and the key elements the groups used in each step in the 
modeling cycle were not always the same. In the next chapter, I will discuss the results in more 
detail. I will examine what the results say about learning algebra through modeling, teaching 
algebra through modeling, and designing algebra modeling tasks. 
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CHAPTER 6: DISCUSSION 
 Algebra I is a crucial course for high school mathematics students, but many students 
struggle to learn algebra. Algebraic reasoning has been emphasized as important to students' 
ability to overcome these challenges. Modeling has also been a recent emphasis in school 
mathematics, due to its emphasis on applying mathematics to the real world, and its potential to 
help students develop deeper understanding of mathematics. However, both algebraic reasoning 
and modeling have been found to be challenging for students. In the previous chapter, I 
explained how students used modeling, how students used algebraic reasoning, and what the 
relationship was between modeling and reasoning in the modeling lesson I taught to high school 
Algebra I classes. In this chapter, I will examine how these results reflect on students' modeling 
and algebraic reasoning from the perspective of the instructional triangle (Cohen et al., 2003). 
First, I will discuss insights into students' modeling and algebraic reasoning that can be 
interpreted from the results. Then, I will use these insights to discuss implications for teaching 
modeling based on the results of the study. Finally, I will discuss the results from the perspective 
of the content, describing insights into the lesson itself. 
Students' Learning of Algebra Through Modeling 
 Based on the results of the study, there does appear to be a relationship between 
mathematical modeling and algebraic reasoning. However, not all aspects of mathematical 
modeling encourage algebraic reasoning to the same degree, in part due to the definitions of each 
step, and the relationship was not always consistent with what research would suggest. This was 
true both when examining groups' modeling in the individual steps of the modeling cycle, as well 
as in their modeling route as a whole. First, I will discuss the results about the how the steps of 
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the modeling cycle related to algebraic reasoning. Then, I will describe connections between 
groups' overall modeling routes their algebraic reasoning during the lesson. 
Steps in the Modeling Cycle and Algebraic Reasoning 
 Overall, as the steps in the modeling cycle progressed, students used algebraic reasoning 
in a higher percentage of segments. The steps of the modeling cycle can be grouped into three 
categories, relative to whether or not they involve working in the real world or the mathematical 
world. First, I will discuss constructing and simplifying / structuring, which involve working in 
the real world before transitioning to the mathematical world, and examine their importance in 
the modeling and algebraic reasoning process despite the fact that they did not contain any 
algebraic reasoning. Then, I will discuss the two steps in the modeling cycle that are in the 
mathematical world, mathematizing and working mathematically, describing reasons why 
mathematizing did not appear to encourage algebraic reasoning and discussing how working 
mathematically related to algebraic reasoning as I anticipated. Finally, interpreting, validating, 
and exposing involve the translation back to the real world from the mathematical world. I will 
examine how these steps encouraged algebraic reasoning more frequently than any other steps. 
 The first steps in the modeling cycle did not encourage algebraic reasoning. Both of 
the steps in the modeling cycle that operate in the real world before translating to mathematics, 
constructing and simplifying / structuring, did not lead to any algebraic reasoning. In designing 
the lesson, I had expected that students would not use algebraic reasoning while constructing. 
Because constructing involves understanding the situation and the problem, no algebraic work is 
necessary. However, I had expected that students might use algebraic reasoning while 
simplifying / structuring, because one aspect of simplifying / structuring includes choosing 
variables. While assigning mathematical symbols to the variables would be a part of 
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mathematizing, I thought the students might discuss symbols or function families in way that 
would use algebraic reasoning. 
 While constructing and simplifying / structuring did not lead to algebraic reasoning, they 
may have been important to set up the students' algebraic reasoning later in the lesson. 
Researchers have found that students struggle with these two steps of the modeling cycle (Blum, 
2011; Crouch & Haines, 2004; Sol et. al, 2009), but that students who successfully complete 
these two steps are successful with modeling (Voskoglou, 2007). In this study, Groups 1 and 2 
simplified / structured during five segments of the lesson, and overall used algebraic reasoning 
while modeling significantly more than Group 3, which only simplified / structured once. This 
suggests that more simplifying / structuring could lead to more algebraic reasoning. It is also 
possible that the lack of simplifying / structuring and the less frequent algebraic reasoning are 
both effects of another factor, such as Group 3's engagement in the mathematical problem. 
 The middle steps in the modeling cycle encouraged some algebraic reasoning. 
Mathematizing and working mathematically are the two steps in the modeling cycle that involve 
working in the mathematical world. These two steps of the modeling cycle were used in the most 
segments in the Internet music business lesson, but their relationship to algebraic reasoning was 
different. As I had anticipated, students used algebraic reasoning fairly frequently while working 
mathematically. While groups only used algebraic reasoning in 48% of the segments where they 
worked mathematically, this was the only step in the modeling cycle where groups used more 
than one key element of algebraic reasoning in some segments. This suggests that working 
mathematically encourages multiple types of algebraic reasoning more so than the other steps in 
the modeling cycle. It is possible that working mathematically encourages multiple key elements 
because it involves a wider variety of processes than other steps in the modeling cycle. For 
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example, while interpreting only involves finding solutions and interpreting them in context, 
working mathematically can involve creating equations, creating graphs, doing mathematical 
procedures, and any other mathematical work that is necessary for the problem. 
 On the other hand, mathematizing did not appear to encourage algebraic reasoning. 
Overall, students only used algebraic reasoning in 20% of the segments with mathematizing. 
While previous researchers have observed students skipping the mathematizing process while 
doing mathematical modeling (Ortiz & Dos Santos, 2011), it is possible that this lack of 
algebraic reasoning is the reason the groups mathematized so often. While other modeling 
problems provide the necessary values to solve the problem, this lesson required students to 
create their own data, necessitating mathematizing. If students had used algebraic reasoning to 
mathematize, they could have finished creating their mathematical model in one segment and 
proceeded to working mathematically.  
 Another hypothesis for the lack of algebraic reasoning while mathematizing is that 
students' method of mathematizing was not connected to their simplified / structured real model 
as I had intended. For example, Group 3 mathematized when a student individually wrote 
possible payment values in a mission statement and the group approved the values without 
discussion. I had anticipated that groups might make decisions while simplifying / structuring 
that they would explicitly connect to their payment plan in a mathematical way. For example, I if 
a group decided they wanted to build a business that rewards independent artists more than an 
existing company, I thought they may use algebraic reasoning to mathematically calculate a 
method to do so while mathematizing. Instead, the groups chose arbitrary values to include in 
their mathematical model without a mathematical explanation for creating them. 
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 The last steps in the modeling cycle did encourage algebraic reasoning. The three 
steps in the modeling cycle that involve translating the mathematical solution back to the real 
world led to the highest percentage of algebraic reasoning. These steps are interpreting, 
validating, and exposing. While I had anticipated students would use algebraic reasoning during 
these steps of the modeling cycle, I expected mathematizing and working mathematically to have 
a higher percentage of reasoning. A possible explanation for the high percentage of algebraic 
reasoning in these steps is that the act of translating the mathematical solution into a real world 
solution caused the students to make their reasoning about the mathematical problem explicit. 
This is supported by the fact that, of the eighteen times students used algebraic reasoning in these 
steps of the modeling cycle, nine of them involved reasoned solving and five involved mindful 
manipulation. Both of these key elements require students to connect solutions and solving 
processes to the context. However, though these steps in the modeling cycle led to a high 
percentage of algebraic reasoning, they were also used less frequently than other steps. While 
validating was the third most used step in the modeling cycle, interpreting and exposing were the 
steps in the modeling cycle used in the fewest number of segments. In the following paragraphs, 
I will examine these three steps in the modeling cycle in more detail. 
 Overall, students used interpreting much less than I expected during the modeling lesson. 
One part of the problem was designed specifically for the students to determine how much 
money an artist would earn from the students' company. I expected each group to interpret 
during their work on this problem by discussing what their solutions meant in the context during 
multiple segments. However, Groups 1 and 3 calculated these values without discussing or 
making explicit their connection to the context. Group 2 discussed these calculations, but shifted 
to validating by modifying their model immediately after. While the groups did not interpret as 
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often as I expected, their algebraic reasoning while interpreting involved discussing solutions in 
context as I had anticipated. Five of the six uses of algebraic reasoning during this step of the 
modeling cycle involved reasoned solving. If the groups had spent more time interpreting during 
the lesson, they may have shown more algebraic reasoning through reasoned solving. 
 Validating also led to an overall high percentage of use of algebraic reasoning during the 
Internet music business lesson. This was mostly because of Group 2, who did 71% of the 
modeling and 77% of the algebraic reasoning within this step. Group 1 and Group 3 only 
validated for one and three segments in the lesson respectively. This is likely because Group 2 
was the only group to substantially modify their model after finding initial results, by adding a 
bonus payment for artists who sold a certain number of songs. Five of the seven times Group 2 
used algebraic reasoning while validating were mindful manipulation, which they used in order 
to make calculations about how much they should pay as a bonus. In contrast, when Groups 1 
and 3 validated, they were explaining how their model was appropriate in the real situation, not 
modifying the model itself. This could explain why they did not validate in as many segments as 
Group 2; once they explained how their model fit the context once, there was no need for them to 
do so again. The difference between the groups' validating suggests that the need to modify the 
mathematical model encourages more algebraic reasoning. 
 Although the groups only exposed in one segment each, this is due to the design of the 
study and the nature of what exposing is, more so than a reflection of how the students modeled. 
Each segment in the study was defined by what problem in the lesson the students were working 
on, and the only problem where students could be exposing, or presenting their solution, was 
during the presentations at the end of day 2. The fact that two groups did use algebraic reasoning 
while exposing was consistent with my anticipation, given that this step involves describing the 
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model and the solution to the class. While describing the finished business, the students had 
multiple opportunities to connect aspects of their algebraic work to the context and to explain 
their meaning, both aspects of algebraic reasoning. It is unexpected that Group 3 completed their 
presentation without demonstrating algebraic reasoning. This happened because the group did 
not make any explicit connections between their algebraic work and the context, or explain the 
meaning of their work, during the presentation. During exposing, Groups 1 and 2 described and 
made connections about their business model that were not included in the written work of their 
poster, which demonstrated continued algebraic reasoning. When Group 3 exposed, they read the 
poster they had made to the class, which did not demonstrate any new connections or 
explanations. The difference between Groups 1 and 2 and Group 3 suggests that, in order for 
exposing to lead to algebraic reasoning, students must go beyond the work they have already 
done while presenting. 
 The connection between interpreting, validating, and exposing and algebraic reasoning is 
consistent with the hypothesis in research that interpreting and validating can help students 
connect their mathematical model to the real world (Haines & Crouch, 2001). Because exposing 
also includes describing the mathematical results in terms of how they solve the real world 
problem, it makes sense that exposing could encourage the same connections. However, contrary 
to research that has found students to interpret in an ideal way, the students in this study did not 
demonstrate interpreting as frequently as other steps in the modeling cycle. Research has also 
found that students do not validate their models (Ortiz & Dos Santos, 2011), which was true of 
Groups 1 and 3. Overall, though these steps in the modeling cycle led to a high percentage of 
algebraic reasoning, they also were not used as frequently as other steps in the modeling cycle. 
 144 
Because of this, interpreting, validating, and exposing did not lead to as many uses of algebraic 
reasoning as was possible.  
 Summary of the steps in the modeling cycle and algebraic reasoning. Overall, the 
relationship between modeling and algebraic reasoning varied depending on the step in the 
modeling cycle students were using. The percentage of segments with algebraic reasoning 
increased in the order of the steps in the modeling cycle. While the first segments in the 
modeling cycle did not include algebraic reasoning, they still appear to be important for 
reasoning in the rest of the problem. Students used algebraic reasoning in the steps in the 
modeling cycle which involve working in the mathematical world, but mathematizing did not 
lead to as much algebraic reasoning as anticipated. Students used algebraic reasoning the most in 
the final steps in the modeling cycle. However, the groups did not use these steps frequently. 
The Modeling Route and Algebraic Reasoning 
 During the Internet music business lesson, groups that demonstrated more shifts in the 
modeling cycle and did not follow a route similar to the task as designed also demonstrated 
algebraic reasoning more often. Specifically, Groups 1 and 2 followed an iterative modeling 
route where they revisited steps in the modeling cycle frequently during their work. These two 
groups demonstrated algebraic reasoning in ten segments and seventeen segments respectively. 
In contrast, Group 3 followed a more linear modeling route with less repetition between steps, 
and only demonstrated algebraic reasoning in three segments during the modeling lesson. Here, I 
will describe some characteristics of Group 1 and 2's modeling that may have led to their non-
linear modeling route. I will also describe how these characteristics could have encouraged the 
use of algebraic reasoning. Finally, I will describe how Group 3's work could have led to a more 
linear modeling route, as well as how this could have discouraged the use of algebraic reasoning. 
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 Student difficulties encouraged algebraic reasoning. Group 2 used the most algebraic 
reasoning of any group in the lesson. One characteristic of Group 2's work on the modeling 
problem that could have encouraged a non-linear modeling route is that they experienced 
difficulty creating the equation to represent their payment plan. Much of this difficulty happened 
on day 1 of the lesson, where they alternated between mathematizing and working 
mathematically four times while attempting to create an equation before deciding to focus on 
other aspects of the lesson. The group then returned to mathematizing and working 
mathematically on day 2 of the lesson when they created an equation with the help of the teacher. 
During these segments the group considered multiple possible equations for their payment plan. 
In contrast, Group 1 created an equation but did not have difficulty doing so because a student in 
the group already knew how to create the equation for their function. Group 3 did not create an 
equation, opting to build a graphical representation that they already knew how to complete. The 
fact that Group 2 was the only group that struggled to build an equation, and also the group that 
used the most algebraic reasoning, suggests that difficulties with solving the problem lead to 
more algebraic reasoning. This is consistent with the idea that productive struggle increases 
understanding when teaching for conceptual understanding (Hiebert & Grouws, 2007), because 
the group that attempted to overcome struggle reasoned more as a result. 
 One way in which Group 2's difficulty building an equation could have led to the group 
demonstrating more algebraic reasoning is that they proposed a new possible equation each time 
they revisited attempting to create the mathematical representation. When they did so, they 
connected that equation to what it represented in terms of the context, demonstrating meaningful 
use of symbols. In addition, when Group 2 attempted to understand how to create a correct 
equation to represent their payment plan, they discussed how the payment plan connected to the 
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aspects of a linear function, demonstrating modeling using families of functions. These examples 
demonstrate that Group 2's difficulties with the problem provided opportunities to use more 
algebraic reasoning while revisiting steps in the modeling cycle repeatedly.  
 Creating multiple representations encouraged algebraic reasoning. Group 1 used 
algebraic reasoning the second most among the groups. They did not encounter the same 
mathematical difficulties as Group 2 during the modeling lesson, but their modeling route was 
similarly characterized by frequent shifts between steps of the modeling cycle. One possible 
explanation for Group 1's frequent shifts in the modeling cycle was that they were the only group 
to create multiple representations (i.e. an equation and a graph) for their payment plan. As a 
result, the group worked through multiple cycles of alternating between mathematizing and 
working mathematically. They first alternated between these two steps twice, as well as a 
segment of simplifying / structuring and a segment of interpreting, in order to create an equation 
for independent artists. Then, to create a graph for independent artists, they mathematized, 
worked mathematically, and validated. Finally, to create a third equation, to represent payment to 
popular artists, Group 1 simplified / structured, followed by alternating between mathematizing 
and working mathematically twice.  
 Group 1's decision to create multiple representations of their payment plan could have led 
to more frequent algebraic reasoning. Seven of the ten segments in which Group 1 demonstrated 
algebraic reasoning were during the part of the problem where students were creating their 
payment plan. This is possibly because the continued creation of new representations required 
more meaningful use of symbols while proposing variables and equations, using multiple 
representations of functions to create the new representations, and modeling by using families of 
functions to connect the equations they were building to the context. 
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 In contrast, Group 2 only constructed one equation to represent their payment plan, and 
Group 3 only constructed a graph to represent their payment plan. Because of these groups' lack 
of multiple representations, they spent less time working in the mathematical steps of the 
modeling cycle. In total, 77% of the segments where Group 1 demonstrated modeling involved 
mathematizing or working mathematically, but this was true of only 56% of segments with 
modeling for Group 2 and 48% of segments with modeling for Group 3. In addition, while Group 
1 demonstrated using multiple representations of functions in five segments during the modeling 
lesson, this was true of Group 2 in two segments and Group 3 in zero segments. The lack of 
algebraic reasoning in this key element supports the hypothesis that the creation of more 
representations led to more modeling and more frequent algebraic reasoning for Group 2. 
 Students' equation building strategy encouraged algebraic reasoning. The method 
Groups 1 and 2 used to build the equation for their model is a third explanation for why groups 
that followed an iterative modeling route led to more algebraic reasoning. Both Group 1 and 
Group 2 followed a process where they built the equation one parameter at a time, which helps to 
explain the iterative nature of their modeling route. First, they decided on the value to represent 
the slope of their equation and built the part of the equation that included the slope. Then, they 
returned to deciding the value to represent the y-intercept before finishing the equation. As a 
result, both groups alternated between steps in the modeling cycle while they created the 
equation to represent their payment plan. Group 1 did this two times during their work on the 
lesson; first, they alternated between mathematizing and working mathematically twice when 
they created the equation to represent payment to independent artists. This happened even though 
a student in the group already knew how to create a linear equation. Then, they alternated 
between mathematizing and working mathematically twice again when creating the equation to 
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represent payment to popular artists. Group 2 alternated between mathematizing and working 
mathematically four times when they attempted to build their equation. For both groups, the 
shifts between steps happened as they proceeded from one part of the equation to the next. 
 The strategy of building the equation one parameter at a time that was used by Groups 1 
and 2 could have also encouraged more use of algebraic reasoning. During students' work on the 
modeling lesson, the groups were working on problem 5 in 67% of the segments where they used 
algebraic reasoning. By creating one part of the equation at a time, Group 1 and Group 2 may 
have spent more time working on this problem, providing more opportunity to use algebraic 
reasoning. On the other hand, no group created an equation using a different strategy, so there is 
no way to compare methods. The evidence from the lesson of Groups 1 and 2 alternating 
between steps in the modeling cycle and working more frequently on the problem of the lesson 
where students used the most algebraic reasoning does suggest that there is a relationship 
between the method of building an equation and more use of algebraic reasoning. 
 Less active modeling discouraged reasoning. Compared to Groups 1 and 2, Group 3 
had a significantly less active modeling route. While Group 1 showed modeling in 48% of 
segments and Group 2 showed modeling in 52% of segments, Group 3 only modeled in 31% of 
segments during the modeling lesson. In addition, Group 3's modeling route followed the 
modeling route of the task as designed much more closely than Group 1 or Group 2. The only 
times that Group 3 modeled in a different order than the task as designed were when they 
returned to mathematizing after they began to work mathematically, validated before they 
interpreted, and returned to mathematizing once after interpreting. Even that return to 
mathematizing, however, only involved group members clarifying an aspect of the model that 
they did not address in their final business plan. The linear modeling route of Group 3 is in 
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contrast to Groups 1 and 2 who, as previously described, shifted frequently between steps in the 
modeling cycle. 
 In addition to a less active modeling route than Group 1 or 2, Group 3 demonstrated 
algebraic reasoning far less than either group. One possible reason for this is that the lack of 
shifts in the modeling cycle signified that the group did not engage with the problem to the same 
extent as Group 1 or 2. As previously described, possible reasons for the active modeling and 
increased algebraic reasoning demonstrated by Group 1 and 2 were difficulties with the problem, 
creating multiple representations, and the strategy for building an equation. However, Group 3 
did not discuss or attempt to overcome difficulties with the problem, they only created a 
graphical representation, and they did not have the opportunity to use the strategy shown by 
Groups 1 and 2 in building an equation. This could have been because they considered the 
problem to be more simplistic than I had intended, and did not understand the need to create 
multiple representations. 
 While it is possible that the linear modeling route shown by Group 3 is a reason for the 
lack of algebraic reasoning they showed, it is also possible that the linear modeling route and 
lack of algebraic reasoning are both effects of the students engaging with other aspects of the 
problem other than the mathematics. The idea that a linear modeling route suggests less 
engagement with the mathematics of the problem is supported by the fact that Group 3 spent a 
large portion of the lesson on day 1 focused on creating a name and logo. Specifically, Group 3 
was creating their name and logo for eight of nine consecutive segments on day 1 of the lesson, 
and then again for seven segments on day 2 of the lesson. Overall, the results from Groups 1, 2, 
and 3 suggest that an iterative modeling route might promote revisiting ideas in a way that 
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encourages algebraic reasoning, while a linear modeling route suggests engagement with other 
aspects of the problem besides the mathematics. 
Summary of Students' Mathematical Modeling and Algebraic Reasoning 
 When considering the relationship between modeling and algebraic reasoning, I found 
connections between the overall modeling route taken by each group and the amount of algebraic 
reasoning they used, as well as between individual steps in the modeling cycle and the amount of 
algebraic reasoning used across groups. As students progressed through the modeling cycle, the 
later steps in the cycle provoked algebraic reasoning more frequently than the earlier steps. 
Because the groups did not spend as much time in the lesson working on these steps, they did not 
lead to as much algebraic reasoning as suggested by the percentage of algebraic reasoning shown 
in those steps. In addition, even though the task was designed to provoke an "ideal" modeling 
route following the cycle of Blum and Leiss (2007), Groups 1 and 2, which did not follow this 
route closely, used more algebraic reasoning in the lesson. 
Implications for Teaching Algebra Through Modeling 
 Beyond informing how students can learn algebra through algebraic reasoning while 
modeling, the results of the study provide insight into teaching algebra through mathematical 
modeling. Researchers have described tensions in the practice of teaching (e.g. Herbst, 2003; 
Lampert, 2001). In this section, I will examine how the results address three tensions in the 
teaching of the Internet music business lesson. These tensions were how to allot time during the 
lesson, how to assist students as they worked, and how to support students' exposing of their 
model. 
One implication is that pacing of a modeling lesson is important to consider when 
attempting to encourage students to use algebraic reasoning. This is especially true for the steps 
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in the modeling cycle that involve working in the real world. A second implication is that it is 
important for teachers to consider how flexible they will be with how students progress through a 
modeling problem. The results showed some benefits and drawbacks to allowing students to take 
their own path. A third implication is that how teachers facilitate exposing the model could affect 
the amount of algebraic reasoning shown in this step. 
 Pacing during a modeling problem. One tension during the teaching of mathematical 
modeling is how to pace the lesson. As I taught, I wanted to ensure that students had time to 
sufficiently construct and simplify / structure, but also needed to encourage students to work at a 
pace that they could finish the lesson. The results from this study suggest that it is important to 
focus on ensuring that students do have time for the final steps in the modeling cycle. During the 
lesson, the highest percentage of segments with algebraic reasoning were during the last three 
step of the modeling cycle, interpreting, validating, and exposing. However, the relative lack of 
frequency with which students used these steps of the modeling cycle led to fewer overall uses of 
algebraic reasoning than the high percentage would suggest. This could be due to the amount of 
time students had to complete the final steps of the modeling cycle. Both Group 1 and Group 3 
did not complete problem 6, where they were intended to interpret, until the end of the lesson. 
No group specifically worked on problem 7, where they were intended to validate by explaining 
how their model accomplished the goal of the business. It is possible that more time to complete 
these problems in the lesson would have led to an increased amount of interpreting and 
validating. In addition, I was required to limit the presentations to 3 minutes each due to time 
constraints at the end of the lesson. If the amount of time to present had been longer, it is 
possible I could have asked more probing questions while Group 3 exposed their model in order 
to give them the opportunity to show more algebraic reasoning. 
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 One way to accomplish the goal of allowing more time for the last steps of the modeling 
cycle would be to limit the overall amount of time spent constructing and simplifying / 
structuring. During the lesson, the problems designed to elicit these steps in the modeling cycle 
took approximately 50 minutes out of the 200 minutes total, and students did not use algebraic 
reasoning during these steps. However, as previously discussed, researchers have found that 
students struggle to complete these steps, and that they are important for success in modeling. 
Because of the importance of these steps in modeling, I felt it was important to encourage them 
during a modeling lesson. A possible solution is that, when planning a modeling lesson, teachers 
could consider the minimum amount of time necessary to allow students to construct and 
simplify / structure sufficiently. By reducing the amount of time spent constructing and 
simplifying / structuring, students could have more opportunities to use algebraic reasoning in 
the final steps of the modeling cycle. 
 Guiding students during a modeling problem. A second tension teachers face when 
teaching through modeling is the question of how much guidance to give students when they 
model. On one hand, the open-ended nature of the problem can encourage students to follow 
their own path, leading to increased opportunity for learning. On the other hand, not guiding the 
students' work could lead to them missing the purpose of the lesson. The way different groups 
handled the open-ended modeling problem in this lesson provides insight into this tension. 
 Prior researchers have studied the modeling routes students follow during a modeling 
lesson. These studies have found that students model in a non-linear fashion (Sol et. al, 2011), 
following a series of mini-cycles through steps in the modeling process (Doerr, 2007). In 
addition, Borromeo Ferri (2007) found that students follow modeling routes differently based on 
how they think through the mathematical problem. When I created the modeling lesson, I 
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intended to encourage students to follow a modeling route closer to the cycle as designed by 
Blum and Leiss (2007). Despite this, two of the three groups' modeling routes still followed a 
non-linear path similar to what previous researchers had found. Contrary to my anticipations, it 
was the non-linear, iterative aspect of these modeling routes that elicited more algebraic 
reasoning in the lesson. The more frequent use of algebraic reasoning when students did not 
follow an "ideal" modeling route demonstrates why allowing students to choose their own path 
through a problem, with minimal guidance, can be a useful strategy for teachers to follow.  
 Allowing students to solve a modeling problem in an open-ended way can also lead to 
less algebraic reasoning. Prior researchers have described that students can become engrossed in 
the context of a problem, missing the mathematical purpose as a result (Lubienski & Stilwell, 
2003). The work of Group 3 in this lesson is consistent with this phenomenon. Researchers have 
also shown that individual students address the context of a modeling problem in different ways 
(Busse, 2011), suggesting that while some groups could become overwhelmed a particular 
context, others will use the context to shape their ideas of the mathematics in the desired way. 
The different treatments of the context by students solving a modeling problem highlight the 
importance of paying close attention to how groups are focusing on the mathematical aspect of a 
modeling problem.  
 One way teachers could guide students to stay focused on the mathematics is by 
encouraging discussion about the problem. In this lesson, the group that followed a more linear 
modeling route and focused on the context over the mathematics discussed the problem less 
frequently than the other groups. Had the group discussed the problem more, they may have 
collaboratively developed a more mathematical view of the situation. An example of a way to 
encourage discussion occurred in segment 20 of Group 1's work. The group was debating 
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between two possible values to use in their model, and had described wanting to make a 
company with affordable music that also would support the artist. In turn 16, I said to the group, 
"So think about, if you wanna make music affordable, and give money to the artist, you’ve gotta 
debate and decide which of those values is gonna do that best." By encouraging the group to 
debate, I attempted to focus the group on discussing their payment plan, which could have 
helped keep them focused on the mathematical aspect of the problem. Overall, it was challenging 
for me while teaching the modeling lesson to know when I should provide guidance to the 
groups and when to allow them to work on their own. 
 Facilitating the exposing step. A third tension I experienced while teaching 
mathematical modeling was in how to scaffold my facilitation of the exposing step of the 
modeling cycle. While the presentation was framed as a sales pitch, and I wanted the groups to 
be able to present how they saw fit, in some cases my role was necessary to encourage algebraic 
reasoning. Two of the groups used algebraic reasoning while exposing, and one group did not. 
Group 2 used algebraic reasoning without prompting during their presentation, but Group 1 only 
used algebraic reasoning in response to questions I asked the group. I did not ask similar 
questions of Group 3 during their presentation, and they did not show any algebraic reasoning. In 
order to take advantage of the potential algebraic reasoning during the exposing step, it seems 
that a balance was required between allowing the students' presentations to be immersed in the 
context and the need to ask specific probing questions to elicit algebraic reasoning. 
Implications for the Modeling Lesson 
 In this study, I designed the modeling lesson in a way that was intended to provoke 
specific aspects of the modeling process and algebraic reasoning. In this section, I will examine 
the design of the lesson, commenting on how it may have encouraged modeling and algebraic 
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reasoning. I will also make recommendations for the design of modeling problems in the future. I 
will focus on how the design of the lesson encouraged constructing and simplifying / structuring 
and encouraged mathematizing, but may have discouraged algebraic reasoning in some ways. 
 While designing the modeling lesson, I chose to build the steps of the modeling cycle into 
the lesson, rather than teach the modeling cycle explicitly to the students. I do believe this choice 
led to more modeling behavior by the groups. For example, I designed the Internet music 
business analysis activity and mission statement activity (Problems 1 and 2) to elicit two specific 
steps in the modeling cycle, constructing and simplifying / structuring. As previously discussed, 
researchers have found a link between successfully completing these steps of the modeling cycle 
and successfully finishing the modeling problem, but students often skip simplifying / 
structuring. In this lesson, all of the groups did construct and simplify / structure, but Group 3 
only simplified / structured in one segment. A reason for Group 3's lack of simplifying / 
structuring could be that they misinterpreted the mission statement activity, creating their 
payment model instead. While many modeling problems present the problem and expect students 
to simplify / structure on their own, I believe the results of the study show that designing specific 
activities to encourage these steps of the modeling cycle encourages students to carry out these 
steps in more detail. 
 In order to provoke mathematizing, I designed the lesson to require students to create 
their own values, as opposed to providing data in the problem. Students in this study 
mathematized in more segments than any other step in the modeling cycle, as opposed to 
previous researchers who have observed students skipping the mathematizing process while 
doing mathematical modeling (Ortiz & Dos Santos, 2011). The increased amount of 
mathematizing in this study is consistent with findings by Borromeo Ferri (2006) that, when 
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fewer numbers are given in a modeling problem, students distinguish between the real model and 
mathematical model more clearly. The need to create data could have provoked students to more 
explicitly connect the real situation to the mathematical model before working mathematically, 
leading to more mathematizing. In situations where teachers are trying to encourage students to 
focus on how to mathematize, using problems with created data could be a useful strategy. 
 Although the aspects of the lesson that provoked students to construct, simplify / 
structure, and mathematize did not directly lead to more algebraic reasoning, I believe they 
helped allow students to be successful with algebraic reasoning in other steps in the modeling 
cycle. Busse (2011) suggested that teaching the modeling cycle explicitly could help students 
avoid becoming too focused on the context of the problem (e.g. Group 3's work on the problem). 
However, in the context of an algebra classroom with limited time, it is not always feasible to 
spend time both teaching the modeling cycle and doing mathematical modeling. In this situation, 
I believe the results of the study support building the modeling cycle in to the problem as a 
viable strategy to encourage mathematical modeling. 
 If I were to teach this lesson again, I would still build the modeling cycle into the 
problem rather than teach the cycle explicitly. Because not all groups completed the mission 
statement activity as intended, I would make the directions for that activity more explicit to 
ensure that students did simplify / structure as I intended. In addition, to encourage more 
algebraic reasoning while mathematizing, I would explicitly require students to use a 
mathematical process to determine the values in their payment model based off an existing 
company's payment plan. This might encourage more discussion of variables and the connection 
between the mathematical model and the context as I had anticipated while students 
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mathematized. Overall, the students did generally model as I had intended, and two of the three 
groups used algebraic reasoning in most steps of the modeling cycle. 
Summary of the Discussion 
 In this section, I have discussed the results of this study from the perspective of the 
instructional triangle. In terms of student learning of algebra through mathematical modeling, I 
discussed that later steps in the modeling cycle encouraged algebraic reasoning more frequently, 
but that those steps were used less often than other steps in the modeling cycle. In addition, I 
found that groups that followed an iterative modeling route were more likely to reason 
algebraically than the group that followed a more linear modeling route. Then, I discussed what 
the evidence of student learning during the modeling lesson showed about tensions I faced when 
teaching algebra through mathematical modeling. I found the issues of pacing the modeling 
lesson, choosing when to provide assistance to students, and deciding how to support the 
exposing step are important considerations when teaching algebra through mathematical 
modeling. Finally, I discussed aspects of the task itself. I believe the results of the study show 
that designing the lesson to provoke specific steps in the modeling cycle encouraged students to 
use those steps. In the following chapter, I will conclude by discussing overall implications of 
this study, limitations of the findings, and suggestions for further study. 
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CHAPTER 7: CONCLUSION 
 In this study, I examined how students mathematically model, and use algebraic 
reasoning while modeling, in an Algebra I class. I designed and taught a modeling lesson to 
Algebra I students, and video and audio-recorded students working on the lesson. I adapted a set 
of codes for identifying observable actions of mathematical modeling, and created a set of codes 
for identifying observable actions of algebraic reasoning. Using these codes, I analyzed data 
from three groups, identifying when they showed evidence of modeling and algebraic reasoning. 
In general, groups who followed an iterative modeling route used more algebraic reasoning. I 
also found that the last steps in the modeling cycle led to the most algebraic reasoning by the 
groups, but those steps were also used less often overall. Using the results about student learning, 
I described implications for teaching modeling and designing modeling lessons. In this chapter, I 
will first discuss broader implications of the results to answer the question of how students learn 
Algebra I through mathematical modeling. Then, I will discuss limitations of the study. Finally, I 
will make suggestions for further study based on these limitations and implications. 
Implications for Learning Algebra Through Mathematical Modeling 
 Overall, I believe the results of the study show that students can learn algebra through 
mathematical modeling. In this study, I used algebraic reasoning as the method to analyze 
student learning, based on the ideas that algebra is an activity (Kieran, 2007) and that algebraic 
reasoning is the activity of algebra (Kaput, 2007; NCTM, 2010). The students did demonstrate 
learning of algebra by algebraic reasoning, especially in the later steps of the modeling cycle. In 
contrast, the parts of the lesson that involved whole-class discussion did not involve any 
algebraic reasoning by the students. In addition, the percent of segments with modeling where 
students used algebraic reasoning was much greater than the percent of segments without 
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modeling where students used algebraic reasoning. When students were doing mathematical 
modeling, they were also more likely to be reasoning algebraically, and thus learning algebra.  
 The connection between modeling and algebraic reasoning could serve to encourage the 
use of mathematical modeling in classrooms more frequently. Recently, teachers have been 
increasingly expected to use mathematical modeling in their classrooms, for example in the 
Common Core State Standards for Mathematics (National Board of Governors, 2009). In 
addition, emphasizing algebraic reasoning has been emphasized through the Common Core 
Standards for Mathematical Practice (National Board of Governors, 2009). One concern that 
teachers have reported with the implementation of modeling is the amount of time it takes in the 
classroom (Girnat & Eichler, 2011). The results of the study suggest that, by implementing 
mathematical modeling, students will also use algebraic reasoning, providing students the 
opportunity to use two important components of mathematics education. 
 While the results suggest that modeling can be used to learn algebra in an Algebra I class, 
they also suggest that this is not always the case. Each group in the study used algebraic 
reasoning differently based on how they modeled the problem. Factors that influenced the use of 
algebraic reasoning included the groups' modeling routes, which steps in the modeling cycle they 
worked on most, and whether or not they were engrossed in the context of the problem. For 
example, the group that focused on creating multiple representations of the model could make 
different conclusions about the concept than the group that struggled with one representation and 
spent most of the lesson focused on it. When learning algebra through a modeling lesson, what 
students learn could depend on the methods they use to solve the problem. 
 Because of the many paths students could take through a modeling lesson, and many 
possible correct solutions, a teacher who is teaching a new concept through mathematical 
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modeling would need to anticipate all of these possibilities, and how they could teach the target 
concept through them. The results of the study suggest that it is possible to do this. For example, 
I designed the lesson to include a piecewise function while the students were constructing, to see 
if it would provoke a group to build a piecewise function. While Group 2 did not explicitly 
decide to create a piecewise model, their final payment plan included different payments for 
different amounts of sales in a way that could be used to teach a piecewise function. Although 
the group did not end up creating a formal piecewise function, a teacher could use the student 
work of this group as an opportunity for students to formally be introduced to the topic. As 
teachers used the same modeling problem over multiple years, they could keep a record of the 
many routes their students used to solve modeling problems in order to have a knowledge base of 
which content to teach through the lesson. 
 Despite the possible challenges, I believe the results of the study suggest that modeling 
can be an effective method to teach a functions-based approach to algebra. In the literature 
review, I described a functions-based approach to algebra as emphasizing the relationship 
between input and output variables, the connections between algebra and the real world, and the 
multiple ways students can represent functions. While only one group created multiple 
representations of their payment plan, all three groups used information about music businesses 
in the real world and their knowledge of buying and listening to music to build a mathematical 
model of an Internet music business. In their model, the groups created input and output values 
to represent the situation, and described the relationship between the variables mathematically 
and in terms of the context. Additionally, the groups were significantly more likely to reason 
algebraically while modeling than while not modeling. Algebraic reasoning is a component of 
conceptual understanding of algebra, which is also an emphasis of the functions-based approach. 
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 I also believe modeling promotes equity in the mathematics classroom. The aspects of a 
functions-based approach that students used in the modeling lesson all reflect suggestions from 
researchers to promote all students' learning of algebra. In addition, researchers have suggested 
that active learning is beneficial to help all students learn algebra (Chazan, 1996; Esmonde, 
2009), as well as collaborative learning (Esmonde, 2009; Silver et al., 1995). In the modeling 
lesson I taught, students were learning collaboratively and actively, as shown by the fact that all 
evidence of algebraic reasoning I analyzed was observed in the verbal interactions between 
students and physical actions of students. By beginning in a real world context, expecting 
students to choose their own method to solve a problem, and emphasizing multiple 
representations and explanation of the connection between the mathematical results and the 
contextual situation, modeling emphasizes the ways of learning that promote algebra for all.  
Limitations of the Study 
 While the results of the study provide an example of how students in Algebra I could do 
mathematical modeling, a limitation of the study is the size of the data sample I used for 
analysis. Each of the four classes that I taught had six groups of students, but due to the number 
of students who assented to participate in the study, I was able to analyze three of these 24 total 
groups. In addition, the study was only done at one high school in a medium-sized community. 
This study helps to increase understanding of how students might use mathematical modeling to 
learn algebra, but other groups in the classroom, as well as other students in other schools, might 
model and use algebraic reasoning in more ways than the three groups I studied. 
 In addition to sample size, the fact that these students had not previously used the 
modeling cycle is a limitation of the study. I was interested in studying how students would 
model when they had not done so before, in order to understand how students new to modeling 
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might use it to learn algebra. Many students have been exposed to the mathematical modeling 
cycle, and their behavior while modeling and their use algebraic reasoning may be different than 
students who had used the modeling cycle before. This study demonstrates a possible way to 
begin teaching algebra through modeling with students new to modeling, but not all algebra 
classrooms have students with the same level of modeling experience as the students I taught. 
 Another limitation of the study is that I taught this modeling lesson to the classes as an 
outside researcher, outside of the context of the everyday classroom. One consequence of my 
status as an outsider is that I did not have the expectation of teaching the students new 
mathematical content with this lesson. This expectation of the teacher has been described as the 
didactical contract (Brousseau, 1997). My status as an outsider may have changed students' 
expectations for the importance of the lesson and willingness to participate. Students did still 
participate in and complete the lesson, suggesting that this was not a major limitation to the 
study. In addition, I did not have the ability to study how students modeling would change over 
time. While this study suggests how modeling could be used to reach a specific content goal, I 
did not examine a specific content goal or how students' modeling would change over time. 
 A third limitation to the study is that I was not able to achieve reliability with the coding 
for algebraic reasoning. I believe this could have happened for a few reasons. One reason the 
algebraic reasoning coding was unreliable could be that the way the definitions of the key 
elements of algebraic reasoning are written is done in a way that makes operationalizing them 
challenging. For example, the definitions of meaningful use of symbols and modeling using 
families of functions both include aspects of building an equation in context. The definitions are 
only distinct in that meaningful use of symbols refers to equation building from the perspective of 
symbols and variables, and modeling using families of functions refers to equation building from 
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the perspective of function families and data. The similarity between these two definitions makes 
it difficult to make them observable in a distinguishable way. 
 Another hypothesis for the unreliability of the algebraic reasoning coding emerges from 
the difficulty distinguishing between codes as previously described. When coding the data, one 
resource I had as the author of the study and creator of the lesson was the knowledge of how 
students had modeled throughout the course of the entire lesson, as well as what the parts of the 
lesson were intended to provoke. For example, I could use this prior knowledge to inform 
whether it made sense that students were creating an equation in the context of meaningful use of 
symbols or in the context of modeling by using families of functions. If the study had a second 
coder with the same familiarity with the lesson, it is possible that we would have achieved 
reliability with the coding. 
 A third reason for the lack of reliability with the coding could have been the relative 
amount of algebraic reasoning the students used, compared to the number of codes. There were 
27 codes for algebraic reasoning, and the groups combined to use algebraic reasoning a total of 
42 times during the entire lesson. It is possible that, in studies with a larger data set and more 
opportunities to identify algebraic reasoning, the coding would have been more reliable. Overall, 
the lack of reliability of the algebraic reasoning codes suggests that the identification of algebraic 
reasoning is open to interpretation depending on the observer, limiting the objectivity with which 
the conclusions can be made. 
Suggestions for Further Study 
 The implications about teaching algebra with mathematical modeling and the limitations 
of the study suggest a few areas for further research. A first suggestion for further research is to 
revise and continue developing a method to identify algebraic reasoning in students' group work. 
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A method to identify algebraic reasoning could be beneficial to research by allowing researchers 
to study different lessons to determine which ones elicit greater use of algebraic reasoning. I 
believe that, with refinement and further use, the coding with operational definitions of key 
elements of algebraic reasoning I have introduced in this study has the potential to be a useful for 
understanding student thinking in algebra.  
 A second suggestion for further research is to teach a lesson similar to the one used in 
this study and analyze it using a larger sample size. As previously discussed, the three groups 
analyzed in this study present possibilities for how students model and use algebraic reasoning in 
a modeling lesson, but more possibilities could exist. By studying more students using the same 
methods, researchers could identify more ways students do mathematical modeling and use 
algebraic reasoning, furthering the research base about how students learn algebra while 
modeling. 
  A final suggestion for further research is to study how students' modeling and algebraic 
reasoning change when a modeling lesson is intended to teach a specific concept or over a period 
of time. As previously stated, this study only examines how students use algebraic reasoning 
while doing the mathematical modeling cycle for the first time, in a lesson without specific 
curricular expectations. If algebra is to be taught through mathematical modeling, students would 
become experienced modelers over time, and teachers would be expected to cover the set of 
topics considered to be Algebra I. Understanding how specific content goals and students' 
experience affects students' algebraic reasoning would be necessary to determine the 
effectiveness of teaching algebra through modeling. 
 In summary, this study has begun to develop an understanding of how students could 
learn algebra through modeling. By identifying students' use of algebraic reasoning and 
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examining its relationship with mathematical modeling, I have found that, while aspects of 
modeling encourage algebraic reasoning, teachers must plan carefully when teaching algebra 
through modeling because of the many paths students may take. While the study had limitations, 
the results suggest that it is worth further research by developing the coding scheme, researching 
more possibilities for how students model, and following students' modeling and algebraic 
reasoning over time. It is my hope that this study can be used as evidence that mathematical 
modeling is a valuable tool for teaching Algebra I. 
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APPENDIX A: LESSON PLAN 
Mathematical Modeling: Analyzing and Creating an Internet Music Business 
 
Part 1  
Goal: Prepare for creating a model of a new Internet music business by doing an analysis of 
current Internet music businesses. 
 
Materials: 
- Article about how many downloads are needed to earn minimum wage 
(http://www.huffingtonpost.com/2012/07/31/music-artists-online-earnings_n_1724997.html) 
- Music business analysis instructions 
- Presentation guidelines worksheet 
- Rubric 
- Notebook paper 
 
Launch: 
Give students the article that shows how many downloads artists would need to sell from various 
Internet music websites just to make minimum wage. Ask students what they think, and have a 
5-minute discussion on what the pros and cons are of different plans. 
 
Tell students their job is going to be to develop a new model for an Internet music business that 
is made to help support independent musicians. They will need to: 
 
1. Choose type of medium (music download, music streaming, video download, video streaming) 
2. Decide on what the model will be for providing payment to the artists. 
3. Create a brochure or poster, and presentation, to give to their prospective artists. 
 
Hand out the presentation guidelines worksheet and rubric. These guidelines will include: 
1. Explain the principles on which the company's business plan is founded, and why the 
company will be a successful music business. 
2. Provide a mathematical representation of their artist payment plan where the artist can 
determine how much money they would make for different amounts of downloads / plays or 
sales. 
3. Demonstrate the profit an artist would expect to make as a small independent artist, a popular 
genre artist (like a popular rap artist), and a top 10 overall artist. 
4. Explain why these figures match with the principles of the company. 
5. A name and logo for your business. 
 
Explain that, to help students get a better idea of what an Internet music business model could 
look like, today they will be doing an analysis of what the current internet music business models 
look like. They will be expected to analyze three companies: 
1. One major label Internet music business: iTunes, Google Play, Amazon mp3, Spotify, last.fm 
2. Bandcamp, an Internet music download business for independent artists 
3. CD Baby, a physical CD and digital music business  
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Their analysis should include what the music business is, whom it is designed to appeal to, and 
what the payment model is for artists. The payment model description should include fees artists 
must pay to post their music, and how much the artists get paid per song / album / dollar of sales. 
Students will use printouts detailing the payment models, and will handwrite their analysis on 
notebook paper. The analysis is due at the end of the class period. 
 
Explore:  
Students work in groups of 3 or 4 to do their analysis of the music businesses. They will have 
until 5 minutes left in the class period to analyze as much as they can, and will turn in their work 
at the end of the hour. 
 
If students finish early, analyze their work and ask follow up questions they could research. 
 
Summarize:  
With five minutes left in the class period, have a discussion about how the different music 
businesses pay the artists. Ask each group to pick a business and briefly explain how artists are 
paid in that business, as well as one pro and one con of that business' model.  
 
Between Parts 1 and 2: 
- Review and give feedback on students' analyses of the existing music business plans. 
 
 
 
Part 2  
Goal: Create a business plan for a new Internet music business, based off of principles decided 
on by each group. 
 
Materials:  
- Mission Statement worksheet 
- Graph paper 
- Poster paper 
- Brochure paper 
- Markers / colored pencils / colored pens 
 
Launch: 
Give each group the "Mission Statement" worksheet. Have the groups read the four mission 
statements in the first 3 minutes of class. Then, have a quick discussion with the class about who 
each mission statement seems to be aimed towards. Also discuss what types of business plans 
might fit with each type of business. Then, explain to the students that they should discuss 
together their desired values for their company, and write a 3 to 5 sentence "mission statement" 
to submit for approval. An appropriate mission statement will include a specific area of the 
music industry their business is designed for, and why they think that area of the music industry 
needs a business to support them. This shouldn't have mathematical details about how they will 
run their business yet. 
 
Explore: 
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Once the groups are finished with their mission statement, examine it for approval and ask each 
group questions that might help them link their stated values to a mathematical payment plan. 
Examples could be: 
- Which business model from earlier fits with the values of your company the best? 
- Who do you want to get the greatest share of money from your business, big artists or little 
artists? 
- To fit your mission, should the portion of profit an artist receives change if they sell more or 
less music? 
 
Explain to each group that the next step after having their mission statement approved is 
presenting a proposal for a mathematical payment model for their business. As they were told 
earlier, this should include:  
1. The principles on which the company's business plan is founded, and why the company will 
be a successful music business. 
2. A mathematical representation of their artist payment plan where the artist can determine how 
much money they would make for different amounts of downloads / plays or sales. 
3. Examples of the profit an artist would expect to make as a small independent artist, a popular 
genre artist (like a popular rap artist), and a top 10 overall artist. 
4. An explanation why these figures match with the principles of the company. 
5. A name and logo for your business. 
 
Explain to groups that the rest of the class period is for them to work on the plan their business 
will use to pay its artists. Before they make their official presentation or brochure to the artists, 
this plan needs to be approved by the bank; for this, a typed or written proposal must be 
submitted by the end of the class period. On that proposal, you should be able to take any amount 
of downloads or plays of a song or album, and easily understand how much profit the artist 
would make. Being able to understand this profit in multiple representations is a bonus to make 
sure the plan is especially clear! As soon as this plan is approved, the business can begin 
finalizing its poster or brochure to recruit musicians. 
 
Summarize: 
Ask each group to share with the class what their mission statement is for their Internet music 
business. 
 
 
 
Part 3 - 
Goal: Present your business model to a panel of people in the industry. 
 
Materials:  
- Graph paper 
- Poster paper 
- Brochure paper 
- Markers / colored pens / colored pencils 
- Presentation review pages 
- Reflection prompt 
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Launch: 
Ask students to individually make a list of all the different people who would have interest in a 
music business' payment plan. Then, collect ideas as a group, and finally as a class. Explain to 
students that these will be the people that will hear and ask questions about their business model. 
Definitely make sure that the artists (small, medium, top 10), agents, a fan, and the bank / 
accountant is included. So, as they finish their presentations and plan what they are going to say, 
they should think about each of these people and how to sell them on the company. 
 
Explore: 
Give students time to finish up their brochures / presentations. Explain that, with 25 minutes left 
in the class period, they will begin making their sales presentations with their brochure or poster.  
 
Presentations: 
Groups will have five minutes each to deliver their sales pitch for their business. 
 
Give each student a role from the roles defined in the launch. During each presentation, students 
who are not presenting are to think about the presentation from the lens of their role. After each 
presentation, they will be expected to write a short review of each business from the lens of their 
role. Also, at some point during the presentations, they will be expected to ask two questions of a 
business that someone of their role might have. 
*** Presentations may take more than one period, and continue into period 4*** 
 
Summarize:  
To close the lesson, students will answer a few prompts to write a short reflection on the lesson. 
The prompts will be: 
 - Which business do you think is most likely to accomplish its goal? Why? Support your    
   answer using mathematics. 
 - Did you feel motivated to complete a lesson like this? Why or why not? 
 - Did this feel like a math lesson to you? Why or why not? 
 - What Algebra did you use or learn in this lesson? 
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APPENDIX B: LESSON PLAN STUDENT MATERIALS 
Warmup 
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Internet Music Business Analysis 
 
Today, in preparation for your new business venture as an Internet music business CEO, you'll 
be spending some time figuring out who you're competing against. Music businesses have 
become very diverse in the last 15 years, so you want to make sure you investigate each type of 
competitor you will have. You will be responsible for analyzing three companies: 
 
1. One major download or streaming business: iTunes, Google Play, Amazon mp3, or Spotify 
2. Bandcamp, an internet music download business for independent artists 
3. CD Baby, a physical CD and digital music business  
 
 
For each company, you must report on:  
 What type of music business is this? 
 Who is this music business trying to appeal to? 
 How do artists get paid for their sales through this business? 
  - Include any fees artists must pay to use the business, and how much artists get  
  paid per song / album / dollar of sales 
 
 
Provide your results in a hand-written report by the end of this class period. 
 
 
HELPFUL INFO FOR YOUR RESEARCH - AVAILABLE AT THE FRONT OF THE ROOM 
Business Source of Information 
 
http://bandcamp.com/pricing 
 
http://futureofmusic.org/sites/default/files/FMCdigitaldistribution12.p
df 
or 
http://members.cdbaby.com/retail 
 
 
http://www.tunecore.com/index/sell_your_music_on_google_play 
 
https://www.spotifyartists.com/spotify-explained/#how-we-pay-
royalties-overview 
or 
http://www.slate.com/blogs/business_insider/2013/12/05/how_much_
does_spotify_pay_artists_in_royalties.html 
 
 
http://www.tunecore.com/index/sell_your_music_on_itunes 
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Business Mission Statement 
 
 When people decide to open a new business, it is often with some sort of goal or mission 
that will distinguish it from other existing companies. Here are a few descriptions or mission 
statements from other stores: 
 
Amoeba!Music!(an!independent!physical!music!store!in!Berkeley,!CA)!
! In#1990#Amoeba#Music#was#born#on#Telegraph#Avenue!in!one!of!California's!
most!exciting!and!revolutionary!cities!@@!Berkeley.!!The!passion!we!shared!with!
our!customers!for!a!truly!broad,!expertly!stocked!music!selection!at!an!
irresistible!price!quickly!kindled!into!a!strong!community!and!widespread!
attention.!
Borders!Books!and!Music!(former!bookstore,!now!bankrupt)!
!
"Individuality!–!Borders!understands!that!books,!music!and!movies!help!shape!
and!define!us!all,!making!us!individuals!–!original!and!unique.!What!people!read!
and!listen!to!is!an!integral!part!of!who!they!are!and!who!they!aspire!to!be.!!
"Community!–!Borders!embraces!its!role!as!a!vital,!contributing!member!of!the!
community!that!reaches!out!to!connect!with!people.!We!offer!knowledge!and!
entertainment,!but!also!a!commitment!to!act!as!a!responsible!neighbor!and!
partner!in!the!towns!where!we!live,!work!and!do!business.!!
"Discovery!–!Borders!celebrates!the!universal!desire!to!explore!and!find!
personal!enrichment!and!knowledge.!We!connect!the!act!of!exploration!to!the!
moment!of!discovery!in!a!way!that!feels!serendipitous,!like!a!stroke!of!good!
fortune.!!
"Familiarity!Borders!recognizes!that!in!the!comfort!of!the!familiar,!we!are!all!
more!relaxed!and!open!to!new!possibilities.!A!warm,!informal!gathering!place!
makes!life!more!colorful,!nourishing!relationships!and!encouraging!
connection."!!
Amazon.com!
! “To!be!Earth’s!most!customer@centric!company,!where!customers!can!find!and!
discover!anything!they!might!want!to!buy!online,!and!endeavors!to!offer!its!
customers!the!lowest!possible!prices."!
Ten!Thousand!Villages!(a!home!goods!and!crafts!store!in!downtown!Champaign):!
! “To!be!Earth’s!most!customer@centric!company,!where!customers!can!find!and!
discover!anything!they!might!want!to!buy!online,!and!endeavors!to!offer!its!
customers!the!lowest!possible!prices."!
!
As!one!of!the!world’s!oldest!and!largest!fair!trade!organizations,!Ten!Thousand!
Villages!has!spent!more!than!60!years!cultivating!trading!relationships!in!which!
artisans!receive!a!fair!price!for!their!work!and!consumers!have!access!to!
distinctive!handcrafted!items.!We!seek!to!establish!long@term!buying!
relationships!in!places!where!skilled!artisans!are!under@!or!unemployed,!and!in!
which!they!lack!other!opportunities!for!income.!
 
Today, you get the chance to build an Internet music business based off of the values that your 
group wants to promote in a business. In order to get funding to go into business, you need 
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approval from the bank (Mr. Deal!). Who are you going into business for? The music labels? The 
artists? The fans? On the backside of this page, write a convincing business proposal with the 
name of your company and a 3 to 5 sentence "mission statement" about whom your business 
model will focus on. Submit this proposal to Mr. Deal for approval. 
Create Your Own Internet Music Business 
 
Unhappy with the current state of the Internet music business, your team has decided to set out 
on its own to start a new company to fill this need. In the next few days in class, you'll be 
designing a business plan for your new business, explaining how artists will be paid, and 
convincing various people in the music industry why they should sign up with your company. 
You will need to: 
 
1. Choose what type of music business you will have (downloads, streaming, etc.) 
2. Decide on what the model will be for providing payment to the artists. 
3. Create a brochure or poster, and sales pitch, to give to prospective artists. 
 
Your sales pitch will be five minutes long. In those five minutes you must: 
  
1. Give a name and logo for your business. 
2. Explain the principles on which the company's business plan is founded, and why the 
company will be a successful music business. 
3. Provide a mathematical representation of their artist payment plan where the artist can 
determine how much money they would make for different amounts of downloads / plays or 
sales. 
4. Demonstrate the profit an artist would expect to make as a small independent artist, a popular 
genre artist (like a popular rap artist), and a top 10 overall artist. 
5. Explain why these figures match with the principles of the company. 
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Name: _______________________________ 
 
My role in reviewing the business sales pitches is... 
 
 ______________________________________________________ 
 
 
Business 
Name 
Why you would work with this 
business 
What might concern you about 
working with this business 
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Business 
Name 
Why you would work with this 
business 
What might concern you about 
working with this business 
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APPENDIX C: GROUPS' FINAL SOLUTIONS AND COMMENTARY 
 In this section, I will briefly present and discuss the final solutions of the three groups I 
analyzed. For each group, I will describe their mission statement, chosen payment values, 
created representations, payment to artists, and presentation. Then, I will provide a brief 
commentary on their work. 
Group 1 
 Group 1's mission statement was "We're helping independant artist [sic] and helping the 
community by giving them good music for a low compatible [sic] - unbeatable price." Group 1's 
payment model was to pay independent artists $0.20 up front and $0.06 per song played, and 
popular artists $0.35 up front and $0.35 per song played. They represented this payment model 
by creating one graph for each type of artist. Group 1 did not describe how much small, medium, 
or worldwide artists would make from their company. The poster Group 1 used to present their 
business can be found in Figure 3.
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  Figure 3. Group 1's finished poster 
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 Group 1 presented mathematically accurate work, and did create multiple solutions to the 
problem by including a separate equation for a popular artist compared to an independent artist. 
This solution was a linear function, but it had the potential to be a piecewise function. In this 
case, the popular artist function would have applied after a certain number of plays. In terms of 
representations, the group built an equation and a graph for their function, and was the only 
group to include multiple different representations. In their final solution, the group did not 
demonstrate an understanding of the relationship between the input and output values because of 
the lack of payment amounts to small, medium, and large artists.  
Group 2 
 
  Group 2's mission statement was "You can take a donkey to a drinking whole 
[sic], but you can't make it drink, just like you can go to our app/website but we can't make you 
listen, but we won't rest tell your [sic] satisfied." Group 2's payment model was to pay artists 
$0.29 per song played with a $0.17 up front payment, and $2.39 per album played with a $0.17 
up front payment. In addition, Group 2 included a bonus payment for small, medium, and 
worldwide artists. For a small artist, they received $2.12 if one person listened to a song 201 
times in 2 months. A medium artist received $2.75 for 500 listens, and a worldwide artist 
received $3.38 for 1,000 listens. They represented this payment model by creating an equation 
for songs and an equation for albums. Group 2 calculated that a small artist would earn $290.17, 
a medium artist would earn $7,250.17, and a worldwide artist would earn $290,000.17 from their 
company. These calculations were accurate based on their model, but did not include any bonus 
payments. The poster Group 2 used to present their business can be found in Figure 4. 
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Figure 4. G
roup 2's finished poster
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 Group 2 presented mathematically accurate work, and created multiple solutions by 
separately representing artist profit per song and per album. Their solution was a linear function, 
but representing the bonus payments would involve a piecewise function. Creating an accurate 
set of equations for the piecewise functions would have been challenging, because the bonus 
payment varied based on plays and people listening. However, it would be mathematically 
possible to create a piecewise step function that would add on the bonus payment for every 201, 
500, or 1,000 extra plays. In terms of representations, the group only built an equation to 
represent their payment plan. Group 2 did demonstrate an understanding of how to use their 
equation, because they accurately calculated output values for the three tiers of artists.  
 
Group 3 
 Group 3's mission statement was "We will have all types of music. The price of a song is 
50 cent[s], and album for the price it depends on how many songs are on the album. To have 
more than one way to get your music [sic]. For each song that is played the artist makes 20 cents. 
They also get 25 cents each time it gets downloaded. For each album sold, the artist gets 1/4 of 
the money." Group 3's payment model was to pay artists $0.20 cents per song played and 
downloaded. They represented this payment model by creating a graph. Group 3 calculated that a 
small artist would earn $250, a medium artist would earn $5,000, and a worldwide artist would 
earn $2,500,000 from their company. These calculations were incorrectly based off of a $0.25 
per song payment, rather than the $0.20 per song they used for the graph. The poster Group 3 
used to present their business can be found in Figure 3. 
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Figure 5. G
roup 3's finished poster.
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 Group 3 presented mathematically accurate work, but did not fulfill all of the 
expectations for the problem, because they did not represent the artist payment plan with an 
equation. Students were expected to create a final model that could calculate payment for any 
number of songs, and the graph Group 3 created only showed payment for zero through twenty 
songs played. Their solution was a linear function that did not include any y-intercept because 
there was no up front fee paid or charged to artists. In addition, Group 3 did not demonstrate an 
accurate understanding of calculating output values from input values, because the calculations 
they performed used $0.25 per song rather than $0.20. Group 3's mission statement also 
mentioned $0.25 per download, so this could have been the result of a miscommunication. 
